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I n t r o d u c t i o n  
The g o a l  of n u c l e a r  m a t e r i a l s  s a f e s u a r d s  is  t o  guard 
a g a i n s t  d i v e r s i o n  of t h e  n u c l e a r  m a t e r i a l s  which i n  themselves  
must be used f o r  p e a c e f u l  pu rposes .  I n  n u c l e a r  f u e l  p r o c e s s i n g  
f a c i l i t i e s  t h e  m a t e r i a l s  a r e  c o n t r o l l e d  by accoun t ing  sys tems 
o f  v a r i o u s  measurements, b u t  t h e  sys tems a r e  a lways  accompanied 
by some measurement e r r o r s  o r  l o s s e s ,  and f u r t h e r ,  by some 
o t h e r  normal l o s s e s  i n h e r e n t  i n  t h e  o p e r a t i o n  of each  
f a c i l i t y .  A l l  t h e s e  l o s s e s  a r e  t h e  f a c t o r s  y i e l d i n g  what 
we c a l l  t h e  M a t e r i a l  Unaccounted F o r ,  MUF. I n  p r i n c i p l e  t h e  
l o s s e s  may be  reduced by improving t h e  accoun t ing  sys tem and 
t h e  o p e r a t i o n a l  manner. From b o t h  t h e  t e c h n i c a l  and t h e  
economic s t a n d p o i n t ,  it i s  a l m o s t  i m p o s s i b l e  t o  r educe  t h e  
MUF t o  n o t h i n g .  
A s  f a r  a s  n u c l e a r  f u e l  p r o c e s s i n g  f a c i l i t i e s  a r e  
conce rned ,  t h e  purpose  of  s a f e g u a r d s  i n s p e c t i o n  c o n s i s t s  
main ly  i n  d i s c r i m i n a t i n g  between t h e  MUF due  t o  d i v e r s i o n  
and t h e  MUF due  t o  normal l o s s e s  a s  mentioned above. I t  i s  
i m p o s s i b l e  t o  p e r f e c t l y  d i s c r i m i n a t e  between t h e  two i n  s o  
f a r  a s  t h e  g e n e r a t i o n  o f  normal MUF i s  i n e v i t a b l e .  T h e r e f o r e ,  
f o r  an  i n s p e c t i o n  a u t h o r i t y ,  it i s  of g r e a t  impor tance  t o  
d e t e r m i n e  t h e  d e t e c t i o n  l i m i t  conce rn ing  t h e  MUF due  t o  
d i v e r s i o n ;  f o r  e a c h  f a c i l i t y ,  it i s  an  i m p o r t a n t  problem t o  
s e t  t h e  a l l o w a b l e  l i m i t  of t e c h n i c a l  and economic e f f o r t s  
f o r  r educ ing  t h e  normal  MUF. I t  i s  t o  be  noted  h e r e  t h a t  
bo th  of t h e s e  l i m i t s  shou ld  be  f i x e d ,  n o t  i ndependen t ly ,  b u t  
i n t e r d e p e n d e n t l y .  
Though bo th  t h e  l i m i t s  a r e  de termined  from r e a s o n ,  it 
i s  s t i l l  n e c e s s a r y  f o r  an  i n s p e c t i o n  a u t h o r i t y  t o  draw up 
a n  i n s p e c t i o n  p l a n  t o  v e r i f y  t h e  n o r m a l i t y  o f  MUF w i t h i n  
t h e  l i m i t s .  I t  i s  i n t u i t i v e  t o  s a y  t h e  more r i g o r o u s  t h e  
l i m i t s ,  t h e  s t r i c t e r  and more f r e q u e n t  t h e  i n s p e c t i o n s  must 
be. Hence, i n  de t e rmin ing  t h e  l i m i t s ,  t h e  f e a s i b i l i t y  of  
t h e  co r r e spond ing  i n s p e c t i o n  p l a n  must be t a k e n  i n t o  accoun t .  
The aim of t h i s  pape r  i s  t o  c o n s t r u c t  t h e  mathemat ica l  
model which d e s c r i b e s  t h e  comprehensive r e l a t i o n s h i p  between 
t h e  l i m i t s  mentioned above and t h e  co r r e spond ing  i n s p e c t i o n  
e f f o r t .  Using t h e  model i t  i s  p o s s i b l e  t o  o p t i m i z e  i n s p e c t i o n  
e f f o r t  i n  acco rdance  w i t h  t h e s e  l i m i t s .  
MUF i s  d e f i n e d  by t h e  d i f f e r e n c e  be tween  t h e  book 
i n v e n t o r y  ( B I )  , t h e  amount o f  m a t e r i a l  which i s  supposed  t o  
b e  p r e s e n t  i n  t h e  i n v e n t o r y ,  and t h e  p h y s i c a l  i n v e n t o r y  ( P I ) ,  
t h e  amount o f  m a t e r i a l  which i s  e s t i m a t e d  t o  b e  i n  t h e  
i n v e n t o r y  by d i r e c t  i n v e n t o r y  measurement  t e c h n i q ' j ~ e s .  
F i g u r e  1 i s  a  s c h e m a t i c  i l l u s t r a t i o n  o f  t h e  m a t e r i a l  b a l a n c e  
a r e a  where  MUF f o r  a  campaign i n t e r v a l  T  i s  d e s c r i b e d  by 
t h e  r e l a t i o n :  
MUF = BI - P I  , (1 
where  
and 
One q u e s t i o n  i s  how an  i n s p e c t i o n  a u t h o r i t y  s h o u l d  
v e r i f y  t h e  n o r m a l i t y  o f  t h e  MUF o f  Eq. (1) r e p o r t e d  from e a c h  
f a c i l i t y .  I t  f o l l o w s  from Eq. (1) t h a t  t h i s  q u e s t i o n  s h o u l d  
b e  d i v i d e d  i n t o  two q u e s t i o n s :  o n e  f o r  v e r i f i c a t i o n  o f  BI 
and t h e  o t h e r  f o r  v e r i f i c a t i o n  o f  P I .  I n  e i t h e r  o f  t h e  two, 
however ,  it r e q u i r e s  a  g r e a t  d e a l  o f  i n s p e c t i o n  e f f o r t  t o  
v e r i f y  a l l  o f  t h e  i n d i v i d u a l  d a t a  Z i ,  o r  w . ( O )  and w . ( T ) .  
1 I 
Thus it i s  n a t u r a l  t h a t  w e  s h o u l d  c o n s i d e r  t h e  s a m p l i n g  p l a n  
o f  d r a w i n g  s a m p l e s  f rom t h e  p o p u l a t i o n  o f  ( Z 1 , .  . . ,ZI) o r  t h e  
p o p u l a t i o n s  o f  (wl  (01,.  . . , w J ( 0 )  and ( w l  ( T I ,  -. ,wJ(T) ) by 
making u s e  o f  t h e  s t a t i s t i c a l  b e h a v i o r  o f  t h e s e  d a t a .  
A number o f  works  h a v e  b e e n  w r i t t e n  c o n c e r n i n g  t h i s  
k i n d  o f  s a m p l i n g  p l a n ,  and r e f e r e n c e  [8] g i v e s  u s  t h e  
c r i t i c a l  r e v i e w s  o f  some o f  them. The d i r e c t  s a m p l i n g  method,  
b a s e d  on t h e  p a i r e d  c o m p a r i s o n  t e s t ,  was d e v e l o p e d  by Gmelin 
[5] . The f e a s i b i l i t y  of  t h e  mixed v a r i a b l e / a t t r i b u t e  s a m p l i n g  
p l a n  f o r  t h e  s a f e g u a r d i n g  of  t h e  P u - f u e l  s t o r e  o f  t h e  Zebra  
z e r o - e n e r g y  r e a c t o r  was shown by Brown e t  a l .  [3] .  S t e w a r t  
[16] p r o p o s e d  t h e  c o s t / e f  f e c t i v e n e s s  model where  t h e  v a r i a n c e  
on MUF was min imized  s u b j e c t  t o  a  c o s t  c o n s t r a i n t ,  and t h e  
sample  s i z e  which g a v e  a d e q u a t e  p r o t e c t i o n  was d e t e r m i n e d .  
Avenhaus e t  a l .  [I] t r e a t e d  t h e  problem o f  op t imiz ing  i n s p e c t i o n  
p l a n s  by a  game t h e o r e t i c a l  method, s e l e c t i n g  t h e  p r o b a b i l i t y  
o f  d e t e c t i o n  a s  a  c r i t e r i o n  f o r  mini-max o p t i m i z a t i o n .  J aech  
[9] c o n s t r u c t e d  t h e  s t a t i s t i c a l  model f o r  i n v e n t o r y  v e r i f i c a t i o n  
on measured d a t a  showing t h e  numer ica l  examples f o r  f u e l  
f a b r i c a t i o n  f a c i l i t i e s .  And Cons tanz i  e t  a l .  [4] made a  
model t o  op t imize  t h e  o v e r a l l  i n s p e c t i o n  c o s t s  s u b j e c t  t o  a  
g i v e n  c o n s t r a i n t  on t h e  v u l n e r a b i l i t y  i ndex ,  an  index of  t h e  
r e l a t i v e  l i k e l i h o o d  of  a t tempted  d i v e r s i o n  a s s igned  t o  t h e  
v a r i o u s  forms of  n u c l e a r  m a t e r i a l s .  
In  a d d i t i o n  t o  t h e s e  works,  some f u r t h e r  pape r s  have 
been r e p o r t e d .  Among them, Bouchey, Koen and B e i g h t l e r  [2]  
improved S t e w a r t ' s  model by u s i n g  t h e  dynamic programming 
a lgo r i thm;  S e r v a i s  and Goldschmidt [15] r e p r e s e n t e d  ano the r  
s t o c h a s t i c  model which enabled  u s  t o  q u a n t i t a t i v e l y  a s s e s s  
t h e  e f f i c i e n c y  of  d e t e c t i n g  d i v e r s i o n .  
Almost a l l  t h e s e  models were based upon t h e  Neyman- 
Pearson  t h e o r y  of  t e s t i n q  hypotheses  and upon t h e  s u p p o s i t i o n  
of  d i v e r s i o n  s t r a t e g i e s .  According t o  t h e  t h e o r y  o f  
s t a t i s t i c a l  t e s t i n g ,  a  c h o i c e  i s  made between acceptance  
and r e j e c t i o n  of t h e  n u l l  h y p o t h e s i s  Hn a g a i n s t  t h e  a l t e r n a t e  
- - 
hypo thes i s  Ha. I t  i s  w e l l  known t h a t  t h e r e  a r e  two k i n d s  of 
e r r o r :  a n  e r r o r  of t ype  I ,  r e j e c t i o n  of  Hn when it i s  
a c t u a l l y  t r u e ,  and an  e r r o r  of t ype  11, accep tance  of  H 
n  
when it i s  a c t u a l l y  f a l s e .  I t  i s  t h e  u s u a l  way t o  de t e rmine  
a  sampling p l a n  t h a t  f i r s t  t h e  maximum t o l e r a b l e  p r o b a b i l i t y  
a of an e r r o r  of  t y p e  I i s  f i x e d  c u s t o m a r i l y  a s  .1 o r  .05,  
and t h e n  t h e  p r o b a b i l i t y  B of an e r r o r  of  t y p e  I1 i s  minimized 
s u b j e c t  t o  t h e  c o n s t r a i n t s  on c o s t s  f o r  t h e  sampling p l an .  
I n  t h e  models b r i e f l y  reviewed above, t h e  n u l l  h y p o t h e s i s ,  
Hn:  t h e r e  i s  no deq ree  of d i v e r s i o n  i n  t h e  MUF, i s  t e s t e d  a g a i n s t  t h e  a l t e r n a t e  h y p o t h e s i s ,  
Ha:  t h e r e  i s  some deqree  of d i v e r s i o n  i n  t h e  MUF. 
Gene ra l ly  speak ing  t h e  p r o b a b i l i t y  B of an e r r o r  of  t y p e  I1 
depends upon n o t  o n l y  t h e  accu racy  of sampling p l a n ,  b u t  
a l s o  t h e  v a l u e  of t h e  s t a t i s t i c  i n  q u e s t i o n  which i s  s e l e c t e d  
i n  Ha.  There fo re  i n  t h e  problem o f  s t a t i s t i c a l  t e s t i n g  f o r  
n u c l e a r  m a t e r i a l s  s a f e q u a r d s ,  f? i s  dependent  on t h e  deq ree  of  
d i v e r s i o n  i n  Ha a s  w e l l  a s  on t h e  accuracy  of i n s p e c t i o n  
- 
procedures  171. From t h i s  c o n s i d e r a t i o n  t h e r e  a r e  two 
d i f f e r e n t  methods t o  de t e rmine  a  sampling p l a n  f o r  i n s p e c t i o n .  
One i s  t h e  method of minimizing 6 o r  maximizing t h e  accuracy  
( t h e  i n v e r s e  of  t h e  v a r i a n c e )  f o r  a  s p e c i f i e d  deq ree  of 
d i v e r s i o n ,  and t h e  o t h e r  is  t h e  method o f  m i n i m i z i n g  t h e  
d e g r e e  of  d i v e r s i o n  f o r  a  f i x e d  B. 
I t  is  t o  b e  n o t e d  h e r e  t h a t  t h e  f o l l o w i n g  two i n e v i t a b l e  
d i f f i c u l t i e s  a r e  i n v o l v e d  i n  t h e  o r t h o d o x  a p p r o a c h  s t a t e d  
above  : 
(1) I t  i s  d i f f i c u l t  t o  e x p l a i n  t h e  r e a s o n a b i l i t y  f o r  
s e l e c t i n g  t h e  v a l u e  o f  a  which  i s  s t r o n g l y  r e l a t e d  
t o  t h e  l i m i t  of  d e t e c t i n g  t h e  MUF d u e  t o  d i v e r s i o n .  
( 2 )  I t  i s  d i f f i c u l t  t o  t a k e  i n t o  a c c o u n t  a l l  t h e  
p o s s i b i l i t i e s  of  d i v e r s i o n  s t r a t e g i e s  s o  a s  t o  
e v a l u a t e  t h e  d e g r e e  of  d i v e r s i o n  i n  B . 
a  
A s  m e n t i o n e d  e a r l i e r  t h e  d e t e r m i n a t i o n  of t h e  d e t e c t i o n  l i m i t  
i s  a  c r i t i c a l  p rob lem t o  b e  r e s o l v e d  between a n  i n s p e c t i o n  
a u t h o r i t y  and  e a c h  f a c i l i t y .  Hence it may b e  a  c r u c i a l  
a s s u m p t i o n  t o  f i x  t h e  v a l u e  of  a  n o t  r e a s o n a b l y  b u t  
c u s t o m a r i l y .  The i d e z  of  d e c i d i n g  a n  i n s p e c t i o n  p l a n  by 
s e l e c t i n g  t h e  d e g r e e  o f  d i v e r s i o n  i n  H i s  a  s t r a i g h t -  
a  
f o r w a r d  a p p r o a c h  a s  t h e  g o a l  o f  s a f e g u a r d s  c o n s i s t s  i n  t h e  
p r e v e n t i o n  o f  d i v e r s i o n .  However, i t  is  i m p o s s i b l e  t o  
comprehend a l l  t h e  p o s s i b i l i t i e s  o f  d i v e r s i o n  s t r a t e g i e s .  
Even i f  p o s s i b l e ,  it is  d i f f i c u l t  t o  f o r m u l a t e  t h e  p o s s i b i l i t y  
a s  a  p r o b a b i l i t y  b e c a u s e  t h e  p o s s i b i l i t y  o f  d i v e r s i o n  is a  
h y p o t h e t i c a l  d a n g e r  and  t h e  f r e q u e n c y  d i s t r i b u t i o n  o f  d i v e r s i o n  
i s  n o t  g i v e n .  
The f i r s t  d i f f i c u l t y  i s  s o l v e d  by u s i n g  B a y e s i a n  d e c i s i o n  
t h e o r y  [14].  The t h e o r y  r e q u i r e s  n o t  t h e  p r e a s s i g n m e n t  o f  
t h e  maximum t o l e r a b l e  p r o b a b i l i t y  a ,  b u t  i t s  d e r i v a t i o n  f rom 
t h e  c o n s i d e r a t i o n  o f  t h e  r i s k  and  b e n e f i t  a s s o c i a t e d  w i t h  
d e c i s i o n  making u n d e r  u n c e r t a i n t y .  The u n c e r t a i n t y  is  due  
t o  t h e  f a c t  t h a t  it is  i m p o s s i b l e  f o r  a  d e c i s i o n  maker t o  
know t h e  t r u e  v a l u e  o f  a  b a s i c  v a r i a b l e  f o r  making a d e c i s i o n .  
The b a s i c  v a r i a b l e  of  t h e  p rob lem of  a  s a m p l i n g  p l a n  f o r  
i n s p e c t i o n  i s  t h e  v a r i a b l e  t o  b e  v e r i f i e d  by a n  i n s p e c t i o n  
a u t h o r i t y ,  t h e  t r u e  v a l u e  o f  which  i s  unknown. T h e r e f o r e  
some u n c e r t a i n t y  is  i n v o l v e d  i n  t h e  p r o b l e m  t r e a t e d  h e r e ,  
and  u n c e r t a i n t y  i s  a lways  a s s o c i a t e d  w i t h  r i s k  and b e n e f i t  
i n  d e c i s i o n  making. I t  i s  o b v i o u s  t h a t  s u c h  r i s k  and  b e n e f i t  
i s  c l o s e l y  r e l a t e d  t o  t h e  d e t e c t i o n  l i m i t  c o n c e r n i n g  t h e  MUF 
due  t o  d i v e r s i o n ,  and  t h e  a l l o w a b l e  l i m i t  of  t e c h n i c a l  a n d  
economic e f f o r t s  f o r  r e d u c i n g  t h e  normal  MUF. T h i s  i m p l i e s  
t h a t  B a y e s i a n  d e c i s i o n  t h e o r y  i s  u s e f u l  f o r  f o r m u l a t i n g  t h e  
p rob lem.  
The second  d i f f i c u l t y  makes i t  n e c e s s a r y  t o  i n t r o d u c e  , 
a  m e a s u r e  t o  d e s c r i b e  t h e  h y p o t h e t i c a l i t y  o f  d i v e r s i o n  [6 ] .  
I n  t h i s  s t u d y  a  k i n d  o f  i n c e n t i v e - t a x  s y s t e m  i s  supposed  f o r  
t h e  p u r p o s e  o f  e v a l u a t i n g  s u c h  a  measure .  Here t o o  i t  i s  
a p p a r e n t  t h a t  MUF is  t o  be a s  low a s  p o s s i b l e  and y e t  it  
i s  a l s o  a p p a r e n t  t h a t  it i s  i m p o s s i b l e  t o  r educe  MUF t o  
no th ing .  I n  t h e  c a s e  of  a  non-nuclear  m a t e r i a l s  accoun t ing  
sys tem,  t h e  q u e s t i o n  whether  any amount of MUF shou ld  b e  
t r a c e d  o r  n o t  i s  s e t t l e d  by comparing t h e  c o s t  r e q u i r e d  f o r  
t r a c i n g  it w i t h  t h e  c o s t  r e q u i r e d  f o r  r e -pu rchas ing  t h e  same 
amount. I n  o t h e r  words MUF shou ld  n o t  be t r a c e d  i f  t h e  
t r a c i n g  c o s t  i s  more t han  t h e  r e -pu rchas ing  c o s t ;  o t h e r w i s e  
MUF shou ld  be t r a c e d .  The amount o f  MUF which makes bo th  
c o s t s  e q u a l  i s  a  t h r e s h o l d  v a l u e  i n  t h i s  c a s e .  
I n  t h e  c a s e  of  n u c l e a r  m a t e r i a l s  accoun t ing  sys tems,  
however, t h e  t h r e s h o l d  amount of MUF i s  t o  be  f i x e d  n o t  
from such  a n  economic c o n s i d e r a t i o n  b u t  from t h e  s t a n d p o i n t  
of  n u c l e a r  m a t e r i a l s  s a f e g u a r d s .  That  i s  t o  s a y  t h e  t h r e s h o l d  
amount of  MUF i s  d e f i n e d  a s  t h e  minimum v a l u e  o f  t h e  amount 
r e q u i r e d  f o r  producing  a  n u c l e a r  weapon.1 The t h r e s h o l d  
amount f i x e d  i n  such  a  manner i s  u s u a l l y  f a r  s m a l l e r  t h a n  
t h e  t h r e s h o l d  amount which would be f i x e d  from economic 
c o n s i d e r a t i o n s .  T h i s  n e c e s s i t a t e s  a d d i t i o n a l  t e c h n i c a l  o r  
economic e f f o r t s  f o r  each  n u c l e a r  f u e l  p r o c e s s i n g  f a c i l i t y  
t o  r educe  MUF. 
To r educe  t h e  h y p o t h e t i c a l  danger  by making t h e s e  
a d d i t i o n a l  t e c h n i c a l  o r  economic e f f o r t s  e a s i e r ,  t h e  f o l l o w i n g  
i n c e n t i v e - t a x  sys tem i s  u s e f u l .  Each f a c i l i t y  can g e t  an  
i n c e n t i v e  when t h e  amount of t h e  b a s i c  v a r i a b l e  i s  l e s s  t h a n  
a  f i x e d  v a l u e  on t h e  one hand,  and on t h e  o t h e r  hand a  f a c i l i t y  
must pay a  t a x  when t h e  amount of t h e  b a s i c  v a r i a b l e  exceeds  
t h e  f i x e d  va lue .  T h i s  s o r t  of i n c e n t i v e - t a x  sys tem i s  founded 
upon u t i l i t y  t h e o r y  [13]. A l i n e a r  u t i l i t y  f u n c t i o n  i s  used 
i n  t h e  model p r e s e n t e d  i n  t h i s  pape r .  
T h i s  pape r  shows a  new model t o  o p t i m i z e  a  sampl ing  p l a n  
f o r  i n s p e c t i o n  by u s i n g  Bayes ian  d e c i s i o n  t h e o r y  under  
s u p p o s i t i o n  of  a n  i n c e n t i v e - t a x  system. The mathemat ica l  
framework o f  t h e  model i s  d e l i n e a t e d  i n  s e c t i o n  I1 and t h e  
numer i ca l  examples f o r  a  f u e l  f a b r i c a t i o n  p l a n t ,  a  f u e l  
r e p r o c e s s i n g  p l a n t  and a  f u e l  enr ichment  p l a n t  a r e  i l l u s t r a t e d  
i n  s e c t i o n  111. 
11. Mathemat ica l  Model 
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A .  B a s i c  Random V a r i a b l e  
Now w e  c o n s i d e r  t h e  problem of  how t o  de t e rmine  an  
o p t i m a l  sampl ing  p l a n  f o r  v e r i f i c a t i o n  o f  t h e  n o r m a l i t y  of 
t h e  B I  o r  t h e  P I  i n  Eq. (1). F i r s t  o f  a l l  t h e  f o l l o w i n g  
'see IAEA, 1972,  p. 3 . 2 .  
t h r e e  assumptions a r e  made f o r  t h e  purpose of s impl i fy ing  
t h e  d i s c u s s i o n :  
( a )  Concerning t h e  problem of how t o  v e r i f y  t h e  B I ,  
a  p l a n t  i s  i n  s t a t i o n a r y  s t a t e  and t h e r e f o r e  t h e  
t r u e  va lue  of i n d i v i d u a l  d a t a  Z i  (i=1, .. . , I) i s  
- 
kept cons tan t  dur ing campaign i n t e r v a l .  
Under t h i s  assumption t h e  t r u e  va lue  of B I  i s  I 
t imes t h e  t r u e  va lue  of i n d i v i d u a l  d a t a .  Next, 
t h e  problem is  how t o  e s t i m a t e  t h e  t r u e  va lue  of 
i n d i v i d u a l  d a t a  by drawing I '  samples ( I '  5 I )  
from t h e  popula t ion of I d a t a .  
(b )  Concerning t h e  problem of how t o  v e r i f y  t h e  P I ,  
t h e  t r u e  va lues  of i n d i v i d u a l  d a t a  w . ( O )  and 
3 
wi (T) ( j = l , .  . . , J )  a r e  c o n s t a n t  a t  t h e  beginning 
J 
and t h e  end of t h e  campaign r e s p e c t i v e l y .  
Under t h i s  assumption t h e  t r u e  value  of P I  i s  J 
t imes  t h e  d i f f e r e n c e  between t h e  two values .  Next, 
t h e  problem is  how t o  e s t i m a t e  each t r u e  va lue  of 
i n d i v i d u a l  d a t a  by drawing J '  samples (J '  2 J) 
from t h e  popula t ion of J d a t a .  
(c )  The measuring process  f o r  i n d i v i d u a l  samples i s  
f i x e d  and t h e r e f o r e  t h e  parameter t o  c h a r a c t e r i z e  
t h e  sampling plan i s  only  sample s i z e .  
Under t h i s  assumption t h e  problem of opt imizing 
t h e  sampling plan i s  equ iva len t  t o  t h e  problem of 
opt imizing sample s i z e .  
Owing t o  assumptions ( a )  and ( b ) ,  both of t h e  problems 
f o r  v e r i f i c a t i o n  of t h e  B I  and PI a r e  desc r ibed  i n  t h e  
fo l lowing fundamental form: an opera to r  s t a t e s  t h a t  N d a t a  
(x l ,  ..., xN) have been measured by a  p resc r ibed  measuring 
process  and t h a t  a s  a  r e s u l t  of t h e  measurement t h e  t r u e  
value  of i n d i v i d u a l  d a t a  has been es t imated a s  a  c e r t a i n  
va lue .  I n  o rde r  t o  v e r i f y  t h i s  s ta tement  it i s  necessary  
f o r  an i n s p e c t o r  t o  draw n samples ( x '  l , . . . , ~ A )  from N d a t a  
(x l ,  ..., x N ) ,  e s t ima te  t h e  t r u e  va lue  of i n d i v i d u a l  d a t a  
- 
independent ly ,  and compare h i s  e s t ima ted  va lue  wi th  t h e  
value  es t ima ted  by an opera to r .  
It is  necessary  t o  examine t h e  d i f f e r e n c e  between t h e  
two es t ima ted  va lues  f o r  t h e  sake of t h i s  comparison. There- 
upon l e t  5 and tins denote t h e  t r u e  va lues  of i n d i v i d u a l  
ope 
d a t a  e s t ima ted  by an opera to r  and an i n s p e c t o r  r e s p e c t i v e l y .  
Both va lues  should be equa l  i n  an  i d e a l  case .  I n  p r a c t i c e ,  
however, they a r e  not  n e c e s s a r i l y  equa l  because of t h e  
s t a t i s t i c a l  behavior of i n d i v i d u a l  d a t a .  Hence t h e  d i f f e r e n c e  
6 between Sins  and toDe becomes a  key measure f o r  t h e  
- L  - 
v e r i f i c a t i o n ,  and we consequently choose 6 a s  a  b a s i c  
random v a r i a b l e .  The d e f i n i t i o n  i s  
' ins 'ope 
B.  Two-Action Problem 
C o l l e c t i n g  t h e  informat ion on t h e  value  Sins from an 
i n s p e c t o r  and on t h e  value  5 from an o p e r a t o r ,  and 
ope 
comparing t h e s e  two v a l u e s ,  an  i n s p e c t i o n  a u t h o r i t y  needs t o  
dec ide  whether any f u r t h e r  a c t i o n  should be conducted o r  not .  
I f  t h e r e  i s  no d i f f e r e n c e  between t h e  va lues  Sins and 50De, 
o r  i f  t h e  value  6 i s  n i l ,  t h e r e  w i l l  be no reason f o r  anL 
a u t h o r i t y  t o  b r ing  any f u r t h e r  a c t i o n  a g a i n s t  a  f a c i l i t y .  
On t h e  c o n t r a r y ,  i f  t h e  va lue  6 i s  by f a r  l a r g e r ,  and 
e s p e c i a l l y  i f  it exceeds t h e  th resho ld  amount f i x e d  e a r l i e r ,  
then some f u r t h e r  a c t i o n  w i l l  have t o  be app l i ed .  
So a s  t o  formulate  t h i s  decision-making problem we now 
cons ide r  t h e  fo l lowing two-action problem: an a u t h o r i t y  
s e l e c t s  e i t h e r  
a c t i o n  1: "Accept t h e  o p e r a t o r ' s  d a t a "  
a c t i o n  2 :  "Reject  t h e  o p e r a t o r ' s  da ta"  
a f t e r  observing n  samples drawn from t h e  popula t ion of N 
d a t a .  A c r i t e r i o n  f o r  t h e  s e l e c t i o n  is  supposed t o  be given 
from t h e  c o s t s  of each a c t i o n .  
Action 1 means no f u r t h e r  a c t i o n ,  whi le  a c t i o n  2 means 
some f u r t h e r  a c t i o n  depending on t h e  value  of 6 .  Therefore 
a c t i o n  1 c o s t s  nothing,  whi le  t h e  c o s t  of a c t i o n  2 is  
dependent on t h e  b a s i c  random v a r i a b l e .  Let CA and CR denote 
t h e  c o s t  of a c t i o n  1 ( a c t  of acceptance)  and t h e  c o s t  of 
a c t i o n  2 ( a c t  of r e j e c t i o n )  r e s p e c t i v e l y ,  and we can d e s c r i b e  
t h e  equat ions:  
and 
It is supposed here that the problem to choose either 
the act of acceptance or the act of rejection is equivalent 
to the one to compare these costs CA and C,. In other words 
it is supposed that an optimal action for an inspection 
authority is the act of acceptance if CA < C, or the act of 
rejection if C A ' C ~ '  
If the value of the basic random variable could be known 
exactly, an optimal act could be chosen deterministically 
since the cost CR of Eq. (6) could be computed exactly. As 
- ~ 
mentioned earlier, however, an inspector can only estimate 
the value 6 statistically, and it is inevitable for an 
inspection authority to decide an optimal action under 
uncertainty. Hence using P(6) to denote the probability 
distribution of a basic random variable, we can describe the 
discriminative condition for optimality as below: 
1) if EVC, 2 EVCA = 0 , then act of acceptance is 
optimal 
2 )  if EVC, < EVCA = 0 , then act of rejection is 
optimal 
where 
EVCA and EVC, mean the expected costs of acts of 
acceptance and rejection respectively under the probability 
distribution P(6) of a basic random variable. The distribution 
P(6) is estimated with the aid of the historical data of 6, 
and by making use of the observed information on n samples 
(xi,. . . ,x' ) drawn from N data (xl,. . . ,%,) . If the distribution n - 
P (6) is preassigned prior to the observation of samples, then 
an optimal act under the distribution can be determined by 
computing the corresponding EVCR. After observing samples, 
however, the newly estimated distribution becomes different 
from the preassigned one, and it may bring about the revision 
of decision making on an optimal act. Therefore it is of 
great importance to assess the probability distribution P(6) 
of a basic random variable in order to determine an optimal 
act. 
In the model described here the effectiveness of the 
assessment on P(6) is defined by the value of the observed 
information required to select either of the two acts. On 
the other hand it costs some amount to obtain the observed 
information. This susggests that it is necessary to consider 
cost/effectiveness analysis for the purpose of optimization 
on the observed information. The observed information has a 
close relation to sample size, and an optimal sample size is 
to be determined from the optimization analysis. 
C. Incentive-Tax System 
In order to solve such a two-action problem as mentioned 
above it is necessary to assess the costs of actions as well 
as the distribution of a basic random variable. As a result, 
the following incentive-tax system is thought out hypotheti- 
cally. 
Suppose first that the threshold amount tiTA of a basic 
random variable is preassigned from the standpoint of nuclear 
materials safeguards. Then suppose that if it is proved that 
the value of 6 exceeds 6TA, a facility must pay the tax CT(6), 
which is proportional to the exceeded value 6 - tiTA, or an 
inspection authority should levy the tax CT(6) a 6 - bTA. 
On the other hand, it is supposed that if it is proved that 
the value of 6 is smaller than the threshold amount bTA, a 
facility can receive the incentive CI(6), which is 
proportional to the difference tiTA - 6, or an authority 
should pay the incentive CI(6) a tjTA - 6. 
In the event that the threshold amount 6 is set to the 
utmost limit of permissibility, a kind of safety factor should 
be taken into account. In such a case, using the value 6BE, 
which i s  s m a l l e r  t h a n  6TA,  we can f o r m u l a t e  t h e  i n c e n t i v e -  
t a x  system: 
i f  6 - < 6BE,  t h e n  t h e  i n c e n t i v e  C I  ( 6 )  = kI ( 6 B E  - 6 )  , 
w i l l  be  p a i d  t o  a  f a c i l i t y  by an i n s p e c t i o n  
a u t h o r i t y ,  w h i l e  on t h e  c o n t r a r y  
i f  6 > 6BE, t h e n  t h e  t a x  C T ( 6 )  = kT(6  - E B E )  w i l l  
be p a i d  t o  an  i n s p e c t i o n  a u t h o r i t y  by a  f a c i l i t y .  
Now suppose t h a t  t h e  a c t  o f  r e j e c t i o n  i s  synonymous w i t h  
t a k i n g  p a r t  i n  t h e  h y p o t h e t i c a l  game where an  i n s p e c t o r  t a k e s  
some f u r t h e r  a c t i o n  and t h e n  a c c o r d i n g  t o  t h e  above i n c e n t i v e -  
t a x  sys tem,  pays  t h e  i n c e n t i v e  o r  l e v y s  t h e  t a x .  I t  i s  
supposed a d d i t i o n a l l y  t h a t  t h e  c o s t  o f  t h e  f u r t h e r  a c t i o n  
i s  n e g l i g i b l y  s m a l l  compared w i t h  t h e  i n c e n t i v e  o r  t h e  t a x .  
The a d d i t i o n a l  s u p p o s i t i o n  i m p l i e s  t h a t  an  a u t h o r i t y  has  no 
need t o  t a k e  t h e  c o s t  o f  t h e  f u r t h e r  a c t i o n  i n t o  accoun t  i n  
choos ing  t h e  d e c i s i o n .  
Upon t h e s e  s u p p o s i t i o n s  Eq. ( 6 )  i s  t o  be  w r i t t e n  a s  
below: 
S u b s t i t u t i n g  t h e  C R ( 6 )  of Eq. ( 9 )  f o r  t h e  C R ( 6 )  o f  Eq. ( 8 )  
t h e  expec t ed  c o s t  of  a c t  o f  r e j e c t i o n  i s  
and t h e r e f o r e  t h e  d i s c r i m i n a t i v e  c o n d i t i o n  f o r  o p t i m a l i t y  on 
a c t i o n s  i s  r e w r i t t e n  a s  i n  t h e  fo l lowing :  
t h e n  a c t  o f  a c c e p t a n c e  i s  o p t i m a l ;  
t h e n  a c t  o f  r e j e c t i o n ' i s  o p t i m a l .  
The f i r s t  t e r m  o f  t h e  r i g h t  hand s i d e  o f  E q .  (10) i m p l i e s  
t h e  a u t h o r i t y ' s  r i s k  a s s o c i a t e d  w i t h  t h e  a c t  o f  r e j e c t i o n ,  o r  
t h e  e x p e c t e d  u t i l i t y  a s s o c i a t e d  w i t h  t h e  f a c i l i t y ' s  e f f o r t  t o  
r e a l i z e  6  - < The second  t e r m  i m p l i e s  t h e  f a c i l i t y ' s  r i s k  
a s s o c i a t e d  w i t h  t h e  a c t  o f  r e j e c t i o n ,  o r  t h e  e x p e c t e d  u t i l i t y  
a s s o c i a t e d  w i t h  t h e  a u t h o r i t y ' s  e f f o r t  t o  p r o v e  6  > 
Hence i t  i s  t o  b e  u n d e r s t o o d  t h a t  E q .  ( 9 )  r e p r e s e n t s  a  u t i l i t y  
f u n c t i o n  i n  terms o f  6. 
For  t h e  p u r p o s e  o f  s i m p l i c i t y  we assume h e r e  t h a t  
kI = kT = kR. Then E q .  ( 9 )  i s  r e d u c e d  t o  a  l i n e a r  u t i l i t y  
f u n c t i o n ,  i . e. , 
CR = k  ( 6  - 6)  R BE f o r  e v e r y  6. (11) 
Assume t h a t  t h e  i n c e n t i v e  C  (0) f o r  6  = 0,  and t h e  t a x  ~ ~ ( 6 ~ ~ )  I 
f o r  6  = 6TA, a r e  g i v e n  t h e  v a l u e s  kR and a r e  o b t a i n e d  
from: 
and 
r e s p e c t i v e l y .  The r a t i o  II i s  a  s o r t  of  s a f e t y  f a c t o r .  
Provided  t h a t  t h e s e  assumpt ions  f o r  s i m p l i f i c a t i o n  a r e  made, 
Eq. (10)  i s  w r i t t e n  i n  a  most s imp le  form: 
EVCR = kR(6BE - E ( 6 ) )  I (14 )  
where 
r e p r e s e n t s  t h e  expec ted  v a l u e  o f  6 .  
Consequent ly  acco rd ing  t o  t h e  i n c e n t i v e - t a x  sys tem an 
o p t i m a l  a c t  i n  t h e  two-ac t ion  problem is  t o  be d e c i d e d  from 
t h e  fo l lowing :  
1) if_ E ( 6 )  - < 6BE,  t h e n  a c t  o f  a c c e p t a n c e  i s  
o p t i m a l ,  
2 )  i f  E ( 6 )  > t h e n  a c t  of r e j e c t i o n  i s  
o p t i m a l .  
Thus an e s s e n t i a l  pa rame te r  of o u r  problem i s  t h e  expec t ed  
v a l u e  E ( 6 )  o f  a  b a s i c  random v a r i a b l e .  I f  t h e  e x p e c t a t i o n  
E ( 6 )  i s  l a r g e r  t h a n  t h e  break-even v a l u e  a s  a  r e s u l t  of 
o b s e r v i n g  n  d a t a  from N d a t a  and e s t i m a t i n g  E(61 ,  t h e n  an 
i n s p e c t i o n  a u t h o r i t y  shou ld  b r i n g  some f u r t h e r  a c t i o n  a g a i n s t  
a  f a c i l i t y .  And f u r t h e r m o r e  i f ,  a f t e r  t h e  f u r t h e r  ac t . ion  i t  
i s  s t i l l  t r u e  t h a t  E (6) > A B E ,  t h e n  a  f a c i l i t y  should  pay 
t h e  co r r e spond ing  t a x .  On t h e  c o n t r a r y  i f  i t  t u r n s  o u t  t h a t  
E ( 6 )  - < 6 B E I  t h e n  an i n s p e c t i o n  a u t h o r i t y  shou ld  g i v e  t h e  
co r r e spond ing  i n c e n t i v e  t o  a  f a c i l i t y .  F i g u r e  2 shows t h e  
p rocedure  of  i n s p e c t i o n  f o r  n u c l e a r  m a t e r i a l s  s a f e g u a r d s  
acco rd ing  t o  t h e  i n c e n t i v e - t a x  system. 
D .  Nuisance Pa rame te r s  
G e n e r a l l y  speak ing  t h e  e r r o r s  a s s o c i a t e d  w i t h  o b s e r v a t i o n  
of  samples a r e  d i v i d e d  i n t o  two component p a r t s :  random e r r o r  
and s y s t e m a t i c  e r r o r .  The d e f i n i t i o n s  a r e  a s  f o l l o w s  and a r e  
v a l i d  f o r  bo th  o p e r a t o r ' s  d a t a  and i n s p e c t o r ' s  d a t a .  
L e t  p deno te  t h e  mean of an i n f i n i t e  number of measure- 
ments .  Random e r r o r  y is  d e f i n e d  a s  t h e  d i f f e r e n c e  between 
i n d i v i d u a l  measured d a t a  x and t h e  mean p. I n  symbols, 
Then i n  many i f  n o t  most s i t u a t i o n s  p would n o t  be e x a c t l y  
e q u a l  t o  t h e  t r u e  v a l u e  5 of  t h e  q u a n t i t y  be ing  measured. 
Sys t ema t i c  e r r o r  0 i s  d e f i n e d  a s  t h e  d i f f e r e n c e  between t h e s e  
two v a l u e s .  I n  symbolic  forms,  
From Eqs. (16)  and (17)  t h e  formula  which shows t h e  
t h r e e  component p a r t s  of  any i n d i v i d u a l  measured d a t a  i s  
o b t a i n e d  : 
I f  t h e  s y s t e m a t i c  e r r o r  0 i s  k e p t  c o n s t a n t  d u r i n g  t h e  campaign 
i n t e r v a l ,  t h e n  Eq. (18)  l e a d s  t o  t h e  r e l a t i o n  f o r  any sample 
mean 
I n  words r a t h e r  t h a n  symbols ,  any sample mean ' can  be  r e g a r d e d  
a s  t h e  sum of t h e  t r u e  v a l u e  of  t h e  q u a n t i t y  measured,  t h e  
f i x e d  s y s t e m a t i c  e r r o r  of t h e  measuring p r o c e s s  and t h e  mean 
of  t h e  random e r r o r  of t h e  i n d i v i d u a l  o b s e r v a t i o n s  i n  t h e  
sample. T h i s  i m p l i e s  t h a t  t h e  d i s t r i b u t i o n  of t h e  mean y 
of random e r r o r  and t h e  d i s t r i b u t i o n  of s y s t e m a t i c  e r r o r  0 
a r e  t o  be  a s g e s s e d  s o  a s  t o  y i e l d  t h e  d i s t r i b u t i o n  of  t h e  
sample mean x. 
The d i s t r i b u t i o n  of t h e  mean 7 i s  a s s e s s e d  i n  a  common 
manner. I t  f o l l o w s  from t h e  d e f i n i t i o n  of  random e r r o r  t h a t  
t h e  expec t ed  v a l u e  ~ ( 7 )  of t h e  mean y i s  ze ro :  
The v a r i a n c e  a2 (7)  of  t h e  mean 7 i s  e s t i m a t e d  by u s i n g  t h e  
e q u a t i o n  : 
where 
Equa t ion  (21)  i s  t h e  formula  t o  be  u sed  when a  sample of  y ' s  
i s  drawn w i t h o u t  r ep l acemen t  from a  f i n i t e  p o p u l a t i o n  t h e  
s i z e  of which i s  N. Equa t ion  (22 )  i s  t h e  formula  t o  be  used  
when t h e  number of  measurements under  t h e  same c o n d i t i o n  i s  
n o t  l a r g e  enough t o  j u s t i f y  u s  i n  t r e a t i n g  x  a s  c e r t a i n l y  
e q u a l  t o  u .  I t  shou ld  be  no ted  h e r e  t h a t  i f  t h e  c o n d i t i o n s  
under  which t h e  measur ing  p r o c e s s  o p e r a t e d  were n o t  c o n s t a n t  
o r  i f  t h e  s y s t e m a t i c  e r r o r  v a r i e d  even  though t h e  t r u e  v a l u e  
- 
L 5 remained c o n s t a n t ,  t h e n  t h e  v a l u e  u ( y )  e s t i m a t e d  by Eq. (22)  
2  
would t e n d  t o  o v e r s t a t e  t h e  t r u e  random v a r i a n c e  u ( y )  
because  t h e  x ' s  i n  Eq. (22)  would c o n t a i n  v a r i a n c e  due t o  t h e  
gandom e r r o r .  A s  conce rns  t h e  shape  of  t h e  d i s t r i b u t i o n  o f  
y ,  t h e  c e n t r a l  l i m i t  theorem i n s i s t s  t h a t  t h e  d i s t r i b u t i o n  of 
y  i n  l a r g e  samples w i l l  be o f t e n  e x a c t l y  Normal even though 
t h e  d i s t r i b u t i o n s  of t h e  i n d i v i d u a l  y ' s  a r e  q u i t e  f a r  from 
Normal. 
On t h e  o t h e r  hand t h e  d i s t r i b u t i o n  of  s y s t e m a t i c  e r r o r  
8 canno t  be a s s e s s e d  i n  such  a  common manner because  system- 
a t i c  e r r o r  o f t e n  r e s u l t s  from many s o r t s  of  f a c t o r s  i n h e r e n t  
i n  i n d i v i d u a l  f a c i l i t i e s .  A s  f a r  a s  a  n u c l e a r  m a t e r i a l s  
p r o c e s s i n g  f a c i l i t y  i s  concerned ,  however, t h e  f a c t o r s  a r e  
t o  be  decomposed i n t o  t h e  f o l l o w i n g  two. F a c t o r  one i s  
r e l a t e d  t o  a  m a t e r i a l  f l ow  p a t t e r n  of  i n d i v i d u a l  m a t e r i a l  
b a l a n c e  a r e a s .  We canno t  a s s e s s  t h i s  f a c t o r  w i t h o u t  r e p e a t i n g  
t h e  i n t e g r a l  expe r imen t s  f o r  v a r i o u s  p a t t e r n s  of m a t e r i a l  
f low.  Hence it i s  assumed i n  t h e  model t h a t  a  f a c i l i t y  
o p e r a t e s  under  t h e  s t a t i o n a r y  c o n d i t i o n  such  t h a t  t h e  p a t t e r n  
of m a t e r i a l  f l o w  i s  k e p t  unchanged, and it i s  a l s o  assumed 
t h a t  t h e  component of  s y s t e m a t i c  e r r o r  due t o  t h i s  f a c t o r  i s  
known i n  advance w i t h  a i d  of t h e  h i s b o r i c a l  d a t a .  F a c t o r  t w c  
c o n c e r n s  t h e  measur ing  p r o c e s s ,  w i t h  a  s y s t e m a t i c  e r r o r  
component t h a t  i s  always i nvo lved  i n  any measured d a t a .  
To a s s e s s  t h e  e r r o r  component, observed d a t a  must be 
c a l i b r a t e d  a t  a p p r o p r i a t e  t i m e  i n t e r v a l s  and t h e r e f o r e  it i s  
assumed h e r e  t h a t  t h e  e r r o r  component can  be  e s t i m a t e d  on 
occas ion  by t h e  c a l i b r a t i o n .  
Consequently, provided that the assumptions: (a). the 
pattern of material flow is kept stationary throuqhout the 
campaign interval, (b) observed data are calibrated at 
appropriate intervals and (c) the shape of the distribution 
of systematic error is Normal are made, then the distribution 
of systematic error is to be specified by the two parameters: 
-. 
the expected value E (0) and the variance uL (0) . And then it 
is supposed in the model that these parameters are given 
beforehand: 
Using ~ q s .  (20), (21), (23) and (24) the expected 
value E (x) and the variance u2 (x) of sample mean in Eq. (19) 
are described in the formulae: 
and 
respectively. 
Now in connection with basic random variable 6 let A; 
denote the difference between the mean xins of inspector's 
measurements and the mean x of operator's measurements, 
ope 
and then A; is written: 
where 
eins: systematic error of inspector's measurements 
0 : systematic error of operator's measurements 
ope 
- 
yins: t h e  mean of random e r r o r  of i n s p e c t o r ' s  measurements 
- 
yope: t h e  mean of random e r r o r  of o p e r a t o r ' s  
measurements. 
The expected value  E (Ax) and t h e  va r iance  u2 (A;) a r e  
given by t h e  d e f i n i t i o n s ,  
and 
where 
A;=; - <  i n s  ope 
A O  = e - e i n s  ope 
and 
In case  t h a t  both eins and 0 a r e  assessed by t h e  same 
ope 
method, and t h a t  an opera to r  measures a l l  of N d a t a ,  E q .  ( 2 9 )  
i s  r e w r i t t e n  a s  
E. Bayesian Decision Making 
The value  of b a s i c  random v a r i a b l e  6 i s  ca lcu la ted  from 
Eq. (28) by observing t h e  value  of E(Ax). P r i o r  t o  t h e  
observat ion,  however, it i s  poss ib le  t o  a  c e r t a i n  degree t o  
g u e s s  t h e  v a l u e  o f  6  w i t h  a i d  o f  t h e  d e s i g n  i n f o r m a t i o n  and  
t h e  h i s t o r i c a l  d a t a .  
Suppose now t h a t  P o ( & )  d e n o t e s  t h e  p r i o r  d i s t r i b u t i o n  
o f  6  which i s  e s t i m a t e d  r o u g h l y  p r i o r  t o  o b s e r v a t i o n  a n d  
and  assume t h a t  t h e  p r i o r  d i s t r i b u t i o n  P 0 ( 6 )  i s  a  Normal 
d i s t r i b u t i o n  w i t h  t h e  e x p e c t a t i o n :  
and t h e  v a r i a n c e :  
An o p t i m a l  a c t  u n d e r  P  ( 6 )  is  d e c i d e d  from t h e  c o n d i t i o n s :  0 
1 )  i f  E 0 ( 6 )  5 6BEI t h e n  a c t  of  a c c e p t a n c e  is  o p t i m a l ;  
2 )  i f  E o ( 6 )  > t h e n  a c t  o f  r e j e c t i o n  i s  o p t i m a l .  
Hence an o p t i m a l  d e c i s i o n  u n d e r  P 0 ( 6 )  i s  d e p e n d e n t  o n l y  on 
2  E  ( 6 )  and  r e g a r d l e s s  o f  u0 ( 6 )  . 0 
2  The v a r i a n c e  u o ( 6 ) ,  however ,  i m p l i e s  a  s o r t  o f  t h e  
- 
u n r e l i a b i l i t y  o f  t h e  v a l u e  o f  6  b e i n g  e s t i m a t e d ,  o r  t h e  
2  i n v e r s e  o f  a o ( b )  i m p l i e s  a  s o r t  o f  t h e  a c c u r a c y  o f  t h e  v a l u e  
o f  6 .  T h e r e f o r e  it i s  r i s k y  t o  s e l e c t  a n  o p t i m a l  a c t i o n  
u n d e r  t h e  p r i o r  d i s t r i b u t i o n  w i t h  l a r g e  v a r i a n c e .  U s u a l l y  
t h e  e x p e c t e d  v a l u e  e s t i m a t e d  w i t h o u t  any  o b s e r v a t i o n  i s  n o t  
s o  r e l i a b l e  a n d  t h e n  it becomes v a l u a b l e  t o  o b s e r v e  samples .  
I t  i s  t o  b e  n o t e d  h e r e  t h a t  i f  t h e  r e l a t i o n  
i s  made, t h e r e  i s  no  d i s t i n c t i o n  c o n c e r n i n g  t h e  o p t i m a l i t y  
be tween  t h e  a c t s  o f  a c c e p t a n c e  a n d  r e j e c t i o n ;  e i t h e r  o f  t h e  
2  two i s  o p t l m a l  r e g a r d l e s s  o f  t h e  v a l u e  o f  uo ( 6 )  . 
Suppose then that as a result of obsenricg n samples 
from the population of N data a sample mean Ax is obtained 
and that PI(&) denotes the posterior distribution of 6 which 
is estimated after observation. The posterior distribution 
P1(6) is given by Bayes' theorem: 
where 
The probability P ( A ~ \ G ) ,  the conditional probability of the 
event Ax given the event 6, implies a sort of likelihood. 
Given that both the prior distribution of 6 and the 
sampling distribution of Ax are Normal, the posterior 
distribution also is Normal, and the formula Eq. (37) is 
able to be solved analytically. The mean El(&) and the 
Z 
variance ul(v) of the posterior distribution are in the fol- 
lowing: 2 
and 
where 
- 
- -  
*see R. Schlaifer, 1959, p. 441. 
and 
The meaning of Eq. (39) is clear. The inverse of variance 
(Io, IA; or 11) represents the accuracy of the corresponding 
statistic and may be called the quantity of information on 
the statistic. Thus the mean of the posterior distribution 
of 6 is a weighted average of the prior mean and the sample 
mean, the weight of each estimate being the quantity of 
information. 
Once the mean El(&) and of  (6) are assessed from the 
- 
observation of samples, an optimal act can be decided by 
comparing the value of El(&) and the break-even value 
Unless the quantity of information I is sufficient to make 1 
a decision, it is necessary to reobserve more samples and re- 
estimate the posterior distribution P2(6) by regarding PI(&) 
as a renovated prior distribution. Taking this procedure 
iteratively, we have a sequential decision making problem in 
the sampling plan. 
Now there is a question of how to determine the optimal 
quantity of information to make a decision. A solution here 
is obtained from the counterbalance between the effectiveness 
and the cost of observed information. First, let us define 
effectiveness of observed information. 
An optimal act under the assumption that the value of 
6 is known deterministically is chosen easily by inspecting 
Fig. 3 which shows the cost of each act as a function of 6. 
If 6 = 6', for example, then the act of acceptance is optimal 
since CA(6') < CR(6'). Hence the cost C,(6) of the optimal 
act under the assumption of deterministicality is illustrated 
as the bold line OPQ in Fig. 3. 
Now let us define the opportunity loss of each act, 
L or LR, by the difference between the cost C, and the cost A 
of each act. In symbolic form 
and 
Fur thermore  l e t  EVLA and EVLR deno te  t h e  expec t ed  v a l u e s  o f  
o p p o r t u n i t y  l o s s e s  of  a c t s  of  accep tance  and r e j e c t i o n  
r e s p e c t i v e l y ,  i . e . ,  
and 
It i s  e v i d e n t  t h a t  t h e  expec t ed  v a l u e  o f  o p p o r t u n i t y  
l o s s  of  t h e  o p t i m a l  a c t  under  u n c e r t a i n t y ,  EVL, i s  s u b j e c t  
t o  
EVL, = min ( E V L ~ ,  E V L ~ )  , 
A o r  R 
The v a l u e  EVL, of Eq. (47 )  i s  t h e  expec t ed  v a l u e  o f  o p p o r t u n i t y  
l o s s  which i s  by a l l  means i n e v i t a b l e  a s  f a r  a s  t h e r e  i s  any 
u n c e r t a i n t y  on a b a s i c  random v a r i a b l e .  Hence it may be 
c a l l e d  t h e  c o s t  of  u n c e r t a i n t y  o r  t h e  expec t ed  v a l u e  of t h e  
p e r f e c t  i n f o r m a t i o n  which i f  it were a v a i l a b l e  would e n a b l e  
u s  t o  make a  d e c i s i o n  p e r f e c t l y .  So l e t  EVPI 1 ( 6 ,  d e n o t e  
- . - .  
t h e  expec t ed  v a l u e  o f  p e r f e c t  i n f o r m a t i o n  under  t h e  d i s t r i b u t i o n  
P  ( 6 )  . The d e f i n i t i o n  i s  
The o b s e r v a t i o n  o f  samples changes  t h e  d i s t r i b u t i o n  of  d 
from P o ( & )  t o  P l ( d ) ,  and t h e r e f o r e  it changes t h e  expec t ed  
v a l u e  of  p e r f e c t  i n fo rma t ion  from E V P I ~  t o  E V P I ~  . The 
Po 1 
d e f i n i t i o n  of Eq. (48) a p p a r e n t l y  i n s i s t s  t h a t  t h e  i n e q u a l i t y  
should  be  s a t i s f i e d  f o r  t h e  o b s e r v a t i o n  t o  be  o f  worth. Then 
w e  d e f i n e  t h e  v a l u e  of  t h e  observed in fo rma t ion ,  V O I l  which 
changes t h e  d i s t r i b u t i o n  P  ( 6 )  i n t o  t h e  d i s t r i b u t i o n  P1(6) 0  
by t h e  d i f f e r e n c e  between E V P I ~  and E V P I ~  . I n  symbols, 
Po P1 
The v a l u e  of  observed in fo rma t ion  d e f i n e d  by t h e  above 
e q u a t i o n  i s  known a f t e r  obse rv ing  samples and g e t t i n g  t h e  
d i s t r i b u t i o n  P l ( 6 ) .  However, t h e  e f f e c t i v e n e s s  of observed 
in fo rma t ion  needs t o  be  a s s e s s e d  b e f o r e  obse rv ing  samples. 
To do s o  it i s  necessa ry  f i r s t  t o  e s t i m a t e  t h e  d i s t r i b u t i o n  
o f  p o s t e r i o r  mean E l ( & )  of  a  b a s i c  random v a r i a b l e ,  and then  
t o  a s s e s s  t h e  expec ted  v a l u e  of V O I l  under t h e  d i s t r i b u t i o n  
of E l ( & ) .  That  i s  t o  s a y ,  u s i n g  P(E1) and EVOIl t o  d e n o t e  
t h e  d i s t r i b u t i o n  of E l ( & )  and t h e  expected  v a l u e  of observed 
in fo rma t ion  r e s p e c t i v e l y ,  we should  d e f i n e  t h e  e f f e c t i v e n e s s  
o f  observed  in fo rma t ion  by t h e  equa t ion :  
Provided  t h a t  t h e  p r i o r  d i s t r i b u t i o n  of  6 and t h e  
d i s t r i b u t i o n s  of 0 and y a r e  Normal, t h e  d i s t r i b u t i o n  of  E l ( & )  
i s  a l s o  Normal and it i s  g iven  i n  t h e  fo l lowing  forms: 3  
t h e  e x p e c t a t i o n ,  
3 ~ e e  R. S c h l a i f e r ,  1959, pp. 525-530. 
and t h e  v a r i a n c e ,  
where, 
and 
There a r e  two s o r t s  o f  usage of Eq. (531,  depending on 
2 t h e  v a r i a n c e  aO0(6)  of t h e  o r i g i n a l  d i s t r i b u t i o n  of  6 :  
(1) I n  t h e  c a s e  t h a t  we have no u s e f u l  knowledge f o r  
a s s e s s i n g  t h e  p r i o r  d i s t r i b u t i o n  of  6 ,  it i s  
necessa ry  f i r s t  of  a l l  t o  t a k e  no p i l o t  samples 
(no<<") from N d a t a  f o r  t h e  sake  of t h e  p r o v i s i o n a l  
assessment  of t h e  p r i o r  d i s t r i b u t i o n .  I n  t h i s  c a s e  
2 t h e  v a r i a n c e  aO0(6)  guessed  p r i o r  t o  t a k i n g  p i l o t  
- - 
samples is  e q u a l  t o  i n f i n i t y .  The re fo re  Eq. (53) 
i s  reduced t o  
s i n c e  E = = 0 and E '  = no . 
Y Y 
( 2 )  I n  t h e  c a s e  t h a t  we have any a i d  f rom d e s i g n  
i n f o r m a t i o n ,  h i s t o r i c a l  d a t a  and  s o  f o r t h  t o  
a s s e s s  t h e  p r i o r  d i s t r i b u t i o n  of 6 ,  it i s  p o s s i b l e  
t o  g i v e  t h e  p r i o r  d i s t r i b u t i o n  a  c e r t a i n  f i n i t e  
v a l u e  w i t h o u t  t a k i n g  any p i l o t  sample .  T h e r e f o r e  
Eq. ( 5 3 )  i s  r e w r i t t e n  a s  
2  
s i n c e n  = O  , u2 ( 6 )  = a O ( 6 )  and E '  = E . 0 00 Y Y  
Given t h e  d i s t r i b u t i o n  of  t h e  p o s t e r i o r  mean i n  Eqs. ( 5 2 )  
and ( 53 ) , t h e  f o r m u l a  below4 is used  t o  compute t h e  e x p e c t e d  
v a l u e  o f  o b s e r v e d  i n f o r m a t i o n  d e f i n e d  by Eq. ( 5 1 ) :  
where  
and 
E q u a t i o n  ( 5 9 )  i s  t h e  c o n c r e t e  e x p r e s s i o n  of  t h e  e f f e c t i v e n e s s  
o f  o b s e r v e d  i n f o r m a t i o n  t o  b e  d e r i v e d  i n  t h e  model.  
I t  f o l l o w s  f rom i n s p e c t i o n  o f  Eq. ( 5 8 )  t h a t  t h e  v a r i a n c e  
2  
a  ( E 1 ( 6 ) )  i n c r e a s e s  monotonously i n  t e r m s  of sample  s i z e  n. 
2  S i n c e  t h e  v a r i a b l e  DE i s  i n v e r s e l y  p r o p o r t i o n a l  t o  a  ( E 1 ( 6 ) )  , 
1 
t h e  v a r i a b l e  DE d e c r e a s e s  monotonously i n  terms of  sample  s i z e  
1 
n. F u r t h e r m o r e  F i g .  4 shows t h a t  t h e  l o s s  i n t e g r a l  f u n c t i o n  
G ( D E  ) i s  a  monotonous ly  d e c r e a s i n g  f u n c t i o n  o f  t h e  a rgument  
1 
4 ~ e e  R. S c h l a i f e r ,  1959 ,  p. 532. 
D E , ,  and t h a t  t h e  v a l u e  of  t h e  f u n c t i o n  G ( D E  ) i n c r e a s e s  
7 
I I 
monotonously i n  te rms of sample s i z e  n. The re fo re  t h e  expected  
va lue  of  observed  in fo rma t ion ,  EVOIl i s  a  monotonously i n c r e a s -  
i n g  f u n c t i o n  of sample s i z e  n. This  is  due t o  t h e  f a c t  t h a t  t h e  
expec ted  va lue  EVOI l  cor re sponds  t o  t h e  g r o s s  g a i n  of observed 
in fo rma t ion .  
I n  o r d e r  t o  de termine  an op t ima l  sample s i z e  it i s  
necessa ry  t o  t a k e  i n t o  c o n s i d e r a t i o n  t h e  c o s t  CS (n )  f o r  
obse rv ing  t h e  in fo rma t ion  on n  samples,  and t h e n  t o  d e f i n e  t h e  
n e t  g a i n  NGOl(n) of observed in fo rma t ion  by t h e  e q u a t i o n  
I t  i s  n a t u r a l  t h a t  t h e  c o s t  C ( n )  should  i n c r e a s e  monotonously S -
i n  te rms of  sample s i z e  n. The s i m p l e s t  exp res s ion  of t h e  
c o s t  CS(n) i s  a  l i n e a r  e q u a t i o n  i n  terms of n: 
S ince  bo th  EVOI (n )  and C (n )  a r e  monotonously i n c r e a s i n g  1 S  
f u n c t i o n s  of n ,  t h e  n e t  g a i n  of  observed in fo rma t ion ,  N G O ~ ( ~ ) ,  
p o s s i b l y  has  a  maximum where t h e  v a l u e s  of  t h e  i n d i v i d u a l  
d i f f e r e n t i a l  c o e f f i c i e n t s  a r e  e q u a l .  
Thus t h e  u l t i m a t e  d e s c r i p t i o n  of  t h e  problem of 
op t imiz ing  sample s i z e  i s  a s  fo l lows :  f i n d  an  n  s u b j e c t  t o  
t h e  c o n s t r a i n t s  
and 
111. C a l c u l a t i o n  R e s u l t s  
A.  I l l u s t r a t e d  Examples 
I n  o r d e r  t o  d e m o n s t r a t e  t h e  c a l c u l a t i n g  p r o c e d u r e s  
a c c o r d i n g  t o  t h e  m a t h e m a t i c a l  model p r e s e n t e d  h e r e ,  and a l s o  
t o  show t h e  o p t i m a l  s o l u t i o n s  o f  sample s i z e ,  t h e  f o l l o w i n g  
t h r e e  n u c l e a r  f u e l  p r o c e s s i n g  f a c i l i t i e s  a r e  t a k e n  a s  
examples  : 
1) 100 t o n s  of U02/year f u e l  f a b r i c a t i o n  f a c i l i t y  ( F F F ) ,  
2 )  200 t o n s  o f   year f u e l  r e p r o c e s s i n g  f a c i l i t y  (FRF),  
and 
3 )  8 , 7 5 0  t o n s  SWU/year f u e l  e n r i c h m e n t  f a c i l i t y  (FEF).  
The r e l e v a n t  s p e c i f i c a t i o n s  o f  t h e  i n d i v i d u a l  f a c i l i t i e s  
a r e  g i v e n  i n  T a b l e  1. The s p e c i f i c a t i o n s  f o r  t h e  FFF a r e  
t a k e n  f rom t h e  r e s u l t s  o f  t h e  s i m u l a t i o n  s t u d y  u s i n g  t h e  
h i s t o r i c a l  d a t a  which have  been o b t a i n e d  a c t u a l l y .  A s  f o r  
t h e  FRF, t h e  d a t a  i n  T a b l e  1 a r e  made a r t i f i c i a l l y  w i t h  t h e  a i d  
of t h e  d e s i g n  i n f o r m a t i o n  [lo].  I t  i s  supposed  t h a t  t h e  re- 
p r o c e s s e d  f u e l  i s  t h e  d i s c h a r g e d  f u e l  o f  a  l i g h t  w a t e r  
modera ted  r e a c t o r  which i n c l u d e s  0 .75% p l u t o n i u m .  The FEF 
i s  c h a r a c t e r i z e d  by a n a l o g y  from t h e  d a t a  p u b l i s h e d  i n  
[ll] and [12].  Here, t h e  t o p  p r o d u c t  i s  4 %  e n r i c h e d  uran ium,  
and f o r  t h e  p u r p o s e  o f  s i m p l i c i t y  it i s  supposed  t h a t  an  
i n s p e c t o r  o b s e r v e s  o n l y  samples  of t h e  p r o d u c t .  
I t  i s  t o  b e  n o t e d  h e r e ,  however ,  t h a t  t h e r e  a r e  t h e  
r e m a r k a b l e  d i f f e r e n c e s  between t h e  v a l u e s  o f  s y s t e m a t i c  e r r o r  
g i v e n  f o r  t h e  i n d i v i d u a l  f a c i l i t i e s .  F o r  t h e  FFF b o t h  t h e  
e x p e c t a t i o n  and t h e  s t a n d a r d  d e v i a t i o n  a r e  n e g l i g i b l y  s m a l l ;  
f o r  t h e  FRF, b o t h  t h e  e x p e c t a t i o n  and t h e  s t a n d a r d  d e v i a t i o n  
a r e  a p p r o x i m a t e l y  1% of  t h e  p o p u l a t i o n  mean; and f o r  t h e  FEF 
t h e  e x p e c t a t i o n  is  n e g l i g i b l e ,  and y e t  t h e  s t a n d a r d  d e v i a t i o n  
i s  comparab le  t o  t h e  s t a n d a r d  d e v i a t i o n  o f  random e r r o r .  
These  d i f f e r e n c e s  w i l l  have  a  s i g n i f i c a n t  e f f e c t  on t h e  
c a l c u l a t i o n  r e s u l t s .  
T a b l e  1 a l s o  shows t h e  i n s p e c t i o n  p a r a m e t e r s  a s s i g n e d  
f o r  t h e  i n d i v i d u a l  f a c i l i t i e s .  The t h r e s h o l d  amount (T.A.) 
i s  f i x e d  i n  a c c o r d a n c e  w i t h  f o o t n o t e  one .  I t  i s  supposed  
h e r e  t h a t  t h e  i n c e n t i v e  C I ( 0 )  f o r  6  = 0 s h o u l d  b e  e q u a l  t o  
t h e  t a x  CT(6TA) f o r  6  = 6TA, and  t h a t  t h e  v a l u e  o f  C I ( 0 )  
s h o u l d  b e  a s s i g n e d  i m p a r t i a l l y  f o r  e a c h  f a c i l i t y .  Concern ing  
t h e  c o s t  o f  o b s e r v i n g  s a m p l e s ,  however ,  t h e  c o s t s  f o r  t h e  FRF 
and t h e F E F a r e  f i x e d  a t  t e n  t i m e s  t h e  c o s t  f o r  t h e  FFF b e c a u s e  
o f  t h e  c o m p l i c a t e d  measur ing  p r o c e s s  f o r  t h e  FRF and t h e  FEF. 
The c a l c u l a t i o n  r e s u l t s  f o r  t h e  FFF, t h e  FRF and t h e  
FEF, o b t a i n e d  by u s i n g  t h e  b a s i c  i n p u t  d a t a  i n  T a b l e  1, a r e  
r e p r e s e n t e d  i n  T a b l e s  2 ,  3  and  4 r e s p e c t i v e l y .  I n  e a c h  of 
t h e s e  t h e  f o l l o w i n g  f o u r  c a s e s  a r e  t a k e n  i n  c o n n e c t i o n  w i t h  
t h e  a s s i g n m e n t  o f  t h e  p r i o r  d i s t r i b u t i o n  P 0 ( 6 ) :  
Case  1: t h e  e x p e c t e d  v a l u e  o f  Po ( 6 )  i s  z e r o ,  E0 ( 6 )  = 0; 
Case  2: t h e  e x p e c t e d  v a l u e  o f  P 0 ( 6 )  i s  comparab le  t o  
t h e  b reak-even  v a l u e  6BE b u t  a  l i t t l e  s m a l l e r ,  
Eo(6)  < 6BE; 
Case  3: t h e  e x p e c t e d  v a l u e  o f  P 0 ( 6 )  i s  i d e n t i c a l  t o  
6BE, E0(6)  = 6BE; and  
Case 4 :  t h e  e x p e c t e d  v a l u e  o f  P0(6)  i s  comparab le  t o  
6BE b u t  a  l i t t l e  l a r g e r ,  E0 ( 6 )  
> 6BE. 
Case  3  i m p l i e s  t h a t  t h e  c o r r e s p o n d i n g  o p t i m a l  a c t  u n d e r  t h e  
d i s t r i b u t i o n  P 0 ( 6 )  i s  u n d e c i d e d  s i n c e  t h e  c o s t s  of  a c c e p t a n c e  
and  r e j e c t i o n  a r e  e q u i v a l e n t .  C a s e s  1 and 2  make t h e  a c t  of  
a c c e p t a n c e  o p t l m a l  u n d e r  P 0 ( 6 ) ,  w h i l e  on  t h e  c o n t r a r y ,  Case  4  
makes t h e  a c t  o f  r e j e c t i o n  o p t i m a l  under  P 0 ( 6 ) .  
I n  a d d i t i o n  it i s  presumed t h a t  t h e  v a r i a n c e  o f  P o ( 6 )  
f o r  t h e  FFF i s  a s s e s s e d  by t a k i n g  n  p i l o t  s a m p l e s  f o r  t h e  
2  0 
s a k e  o f  v e r i f y i n g  t h e  v a r i a n c e  a ( y )  o f  i n d i v i d u a l  measurements .  
On t h e  o t h e r  hand ,  t h e  v a r i a n c e s  o f  P 0 ( 6 )  f o r  t h e  FRF and t h e  
FEF a r e  a s s e s s e d  by making u s e  o f  t h e  d e s i g n  i n f o r m a t i o n  and  
t h e  e x p e r i m e n t a l  d a t a .  
D i s p l a y i n g  t h e  n e t  g a i n  o f  o b s e r v a t i o n  NGOl f o r  t h e  FFF 
a s  a  f u n c t i o n  o f  sample  s l z e  n ,  F i g .  5  shows t h a t :  
( a )  t h e r e  i s  no f e a s i b l e  s o l u t i o n  i n  Case  1 (FFF 1 1 ,  
( b )  t h e  n e t  g a i n s  f o r  C a s e s  2  and  4 (FFF 2 , 4 )  a r e  
e x a c t l y  i d e n t i c a l ,  
( c )  t h e  n e t  g a i n  f o r  Case  3  (FFF 3)  i s  t h e  h i g h e s t  f o r  
any n,  a n d  
( d )  t h e  o p t i m a l  sample  s i z e s  f o r  FFF 2,  3  and 4  a r e  
a l m o s t  t h e  same ( n *  2 0 5 ) .  
I t  f o l l o w s  f rom t h e  d e f i n i t i o n  o f  NGOl (Eq. ( 6 2 ) )  t h a t  t h e  
d i f f e r e n c e s  between t h e  v a l u e s  o f  E 0 ( 6 )  a f f e c t  o n l y  t h e  
v a l u e s  of t h e  l o s s  i n t e g r a l  G ( D E  ) .  Hence we should  g i v e  
1 
I 
a  r ea son  f o r  t h e s e  f o u r  f a c t s  by c o n s i d e r i n g  d i f f e r e n c e s  
between t h e  v a l u e s  of  G ( D  . That  i s  t o  s a y ,  f a c t  ( a )  i s  
E, 
I 
due t o  t h e  v a l u e  of DE f o r  FFF 1 be ing  t o o  l a r g e  and t h e r e f o r e  
7 
t h e  v a l u e  of  G ( D  ) berng  ex t r eme ly  s m a l l  ( <  a s  compared 
wi th  t h e  c o s t  ( >  $ 4 ) .  Th i s  means t h a t  it i s  of  l i t t l e  v a l u e  
t o  obse rve  samples i f  t h e  v a l u e  of E 0 ( 6 )  p r e a s s i g n e d  by a  
d e c i s i o n  maker i s  s o  d i f f e r e n t  from t h e  break-even v a l u e ,  
and i f  a t  t h e  same t ime t h e  preass ignment  i s  done wi th  such  
accu racy  a s  u (E1(6 ) )  < 2 3 %  of F a c t  ( b )  i s  a  s e l f -  
e v i d e n t  t r u t h  because  t h e  a b s o l u t e  v a l u e s  of  t h e  d i f f e r e n c e  
E0(6)  and f o r  FFF 2 and 4  a r e  g i v e n  a s  i d e n t i c a l .  F a c t  
( c )  r e s u l t s  from t h e  v a l u e  of G ( D E  ) which has  t h e  maximum 
1 
v a l u e  f o r  D = 0 ,  a s  shown i n  F i g .  4. And f i n a l l y ,  f a c t  
E l  
I 
( d )  o r i g i n a t e s  i n  t h e  v a l u e  o f  G ( D E  ) be ing  a lmost  c o n s t a n t  
1 
i n  t h e  neighborhood of  t h e  o p t i m a l  s o l u t i o n  n*. 
F i g u r e s  6 and 7 a r e  p l a c e d  t o  d i s p l a y  t h e  n e t  g a i n s  of  
o b s e r v a t i m  f o r  FRF and FEF r e s p e c t i v e l y  a s  a  f u n c t i o n  of 
sample s i z e .  According t o  t h e s e  f i g u r e s ,  we can  s e e  f a c t s ,  
e x c e p t  f o r  ( a ) ,  s i m i l a r  t o  t h e  ones  f o r  FFF. I n  t h e  c a s e s  
of FRF and FEF t h e  v a l u e s  of  uo(y) ,  which from E q .  (58)  a r e  
p r o p o r t i o n a l  t o  o ( E 1 ( 6 ) ) ,  a r e  a s s igned  t o  be more t han  t e n  
t i m e s  t h e  break-even v a l u e  6 BE. From t h i s  t h e  v a l u e  of 
D ~ l  
i s  c l o s e  t o  z e r o  ( <  0 .1 )  r e g a r d l e s s  of t h e  v a l u e  o f  
- 
E0(6)  a s s i g n e d  i n  t h e  examples.  The re fo re  t h e  v a l u e  of  
G ( D  ) i s  rough ly  c o n s t a n t  f o r  any of  t h e  a s s i g n e d  v a l u e s  of 
1 
E 0 ( 6 ) .  T h i s  i s  why t h e  o p t i m a l  sample s i z e  e x i s t s ,  and t a k e s  
t h e  same v a l u e  f o r  any c a s e s  of FRF and FEF. 
I t  i s  a l s o  worthy of n o t i c e  t h a t  t h e  n e t  g a i n  of 
o b s e r v a t i o n  does  n o t  s i g n i f i c a n t l y  v a r y  w i t h  sample s i z e  n  
i n  t h e  c a s e s  of FRF and FEF. For  i n s t a n c e ,  even t h e  v a l u e s  
of  NGOl f o r  t h e  minimum sample s i z e  i n  FRF and FEF amount 
t o  app rox ima te ly  95% and 85% o f  t h e  v a l u e s  of NGOl f o r  t h e  
op t ima l  sample s i z e  r e s p e c t i v e l y .  Th i s  i s  caused  by t h e  
fo l lowing  f a c t s :  
( a )  EVOIl(n) >.> CS(n)  f o r  any n ,  
( b )  t h e  change of EVOIl a s s o c i a t e d  w i t h  n  i s  
- 
n e a r l y  p r o p o r t i o n a l  t o  t h e  change of  u (E1(6 ) )  
a s s o c i a t e d  w i t h  n ,  and 
( c )  t h e  v a l u e  of  o ( E l  ( 6 )  ) d o e s  n o t  remarkably 
va ry  w i t h  sample s i z e  n  because  of E~~ a E 
Y '  
G e n e r a l l y  speak ing ,  t h e  i n c r e a s e  of  sample s i z e  y i e l d s  t h e  
r e d u c t i o n  o f  t h e  ambigui ty  a s s o c i a t e d  wi th  random e r r o r ,  and 
y e t  it has  no r e l a t i o n  t o  t h e  d e c r e a s e  o f  t h e  ambigui ty  
a s s o c i a t e d  w i t h  s y s t e m a t i c  e r r o r .  The re fo re  t h e  i n c r e a s i n g  
r a t e  of  EVOIl(n) i s  by f a r  lower f o r  E~~ c E t h a n  f o r  
Y 
With t h e  view of  comparing t h e  o p t i m a l  a c t  and t h e  c o s t  
o f  u n c e r t a i n t y ,  EVPI under  t h e  p o s t e r i o r  d i s t r i b u t i o n  P1(6) 
w i t h  t h e  o p t i m a l  a c t  and t h e  c o s t  EVPI under t h e  p r i o r  
d i s t r i b u t i o n  P0 (6 )  , Tab le s  2 ,  3  and 4 show t h e  examples 
assuming c e r t a i n  i n s p e c t i o n  r e s u l t s  conce rn ing  t h e  v a l u e s  of  
Ax and o ( y )  . For eve ry  f a c i l i t y  it i s  assumed t h a t  an  
i n s p e c t o r  o b t a i n e d  t h e  v a l u e  of Ax o r  Ax - E(A8) which was 
c l o s e  t o  and a  l i t t l e  s m a l l e r  t han  t h e  break-even v a l u e ,  and 
a l s o  t h a t  he ob t a ined  t h e  v a l u e  of u ( y )  which was e q u a l  t o  
o r  a  l i t t l e  l a r g e r  t h a n  t h e  v a l u e  g i v e n  from t h e  s p e c i f i c a t i o n .  
S i n c e  t h e  v a l u e  of  E l ( & ) ,  computed i n  accordance  w i t h  t h e  
imaginary  r e s u l t s  of ~ n s p e c t i o n ,  i s  s m a l l e r  f o r  e v e r y  c a s e  
t han  t h e  break-even v a l u e  t h e  o p t i m a l  a c t  under  P1 ( 6 )  
f o r  eve ry  c a s e  i s  t h e  a c t  o f  accep tance .  With r e g a r d  t o  t h e  
c o s t  o f  u n c e r t a i n t y ,  t h e  v a l u e s  of  E V P I ~ ~ ~  under t h e  p o s t e r i o r  
I 
d i s t r i b u t i o n  P, ( 6 )  f o r  FFF 3,  FRF 3  and FEF 3, f o r  example,  
a r e  reduced  toL$2.77  x  lo3 (7 .7% of  EVPI ( ) , $7.53 x  1 0  5  
p, V 
(37.8% of  E V P I ~  ) and $9.94 x  lo5  (58.4% of  E V P I ~  ) 
Po Po 
r e s p e c t i v e l y .  While t h e  r e d u c t i o n  r a t e s  f o r  FRF and FEF may 
be s t i l l  u n s a t i s f a c t o r y ,  t h e  reduced  amounts a r e  enormous i n  
comparison w i t h  FFF. Fur thermore ,  t a k i n g  i n t o  c o n s i d e r a t i o n  
t h e  r a t i o  of  t h e  c o s t  o f  u n c e r t a i n t y  f o r  t h e  maximum sample 
s i z e  (n=N) t o  t h e  v a l u e  E V P I ~ ~  ( s e e  Tab le  51,  t h e  o p t i m a l  
0  
sample s i z e  o b t a i n e d  h e r e  can  be c o n s i d e r e d  a s  r ea sonab le .  
B .  Asymptot ic  S o l u t i o n  
The c a l c u l a t i o n  r e s u l t s  mentioned above s u g g e s t  t o  u s  
t h a t  an  o p t i m a l  sample s i z e  can  be  found r e g a r d l e s s  of  t h e  
e x p e c t a t i o n  E  (El ( 6 )  ) of p o s t e r i o r  mean (E (El ( 6 )  ) = E0 ( 6 )  , 
from Eq. (52)  s o  long a s  t h e  p r i o r  d i s t r i b u t i o n  h a s  been 
a s s i g n e d  s o  t h a t  samples from measured d a t a  may be  worthy 
of o b s e r v i n g .  A d d i t i o n a l l y  it i s  a p p a r e n t  from t h e  r e l a t i o n  
between E 0 ( 6 )  and G ( D E  1 ,  Eqs. (60 )  and ( 6 1 ) ,  t h a t  g i v e n  a l l  
7 
I 
t h e  pa rame te r s  o t h e r  t h a n  E0(6)  t h e  o p t i m a l  sample s i z e  h a s  
t h e  maximum v a l u e  f o r  E ( 6 )  = 6 0  BE'  Owing t o  t h e s e  mathemat ica l  
p r o p e r t i e s  of t h e  o p t i m a l  sample s i z e  n* it i s  wor thwhi le  t o  
c o n s i d e r  t h e  r e l a t i o n s h i p  between t h e  o p t i m a l  s o l u t i o n  n* f o r  
E 0 ( 6 )  = 6BE and t h e  o t h e r  r e l e v a n t  pa rame te r s .  
The n e t  g a i n  of  o b s e r v a t i o n  f o r  E0(6)  = i s  o b t a i n e d  
from Eqs. (52 )  t o  (63 )  a s  below: 
where 
Now s e t t i n g  a s i d e  t h e  c o n s t r a i n t s  of  Eqs. (65 )  and ( 6 6 ) ,  we 
suppose  t h a t  an o p t i m a l  s o l u t i o n  is  s u b j e c t  on ly  t o  Eq. ( 6 4 ) .  
I n  c o n s i d e r i n g  t h e  d i f f e r e n t i a l  e q u a t i o n ,  Eq: (64 )  it i s  
conven ien t  t o  r e w r i t e  ~ q .  (67 )  i n  t h e  following form: 
where 
and 
Equat ion  (69 )  i m p l i e s  t h a t  t h e  pa rame te r s ,  which have a  
s u b s t a n t i a l  e f f e c t  on an op t ima l  s o l u t i o n ,  a r e  X of Eq. (70)  
and w of Eq. ( 7 1 ) .  And it i s  obv ious ly  unders tood t h a t  a s  
f a r  a s  such a  f u n c t i o n  of  n  of E q . ( 6 9 )  i s  concerned,  t h e  
op t ima l  s o l u t i o n  s a t i s f y i n g  t h e  cond i t i , on ,  Eq. (641,  e x i s t s  
f o r  any X > 0 and w > 0. F i g u r e  8 i l l u s t r a t e s  t h e  con tou r  
of  t h e  op t ima l  s o l u t i o n  n* i n  t h e  A-to-w c h a r t  where t h e  
u n i t s  a r e  i n  l o g a r i t h m i c  s c a l e .  
From F ig .  8 we f i n d  t h a t  eve ry  one o f  t h e  c o n t o u r s  i s  d i v i d e d  
i n t o  two p a r t s :  ( a )  f o r  X/w 2. 10, t h e  op t ima l  s o l u t i o n  n* 
i n c r e a s e s  w i t h  w and ( b )  f o r  X/w 5 10,  t h e  op t ima l  s o l u t i o n  
n* d e c r e a s e s  w i t h  w. Now f o r  t h e  purpose  of  e x p l a i n i n g  t h i s  
p r o p e r t y ,  we can c o n s i d e r  t h e  s i m p l e s t  c a s e  assuming N + 
( i n f i n i t e  p o p u l a t i o n ) ,  E,, = 0 (no  s y s t e m a t i c  e r r o r )  and 
- ~ 
E '  = E o r  aO0(6)  = u0(6 )  (no p i l o t  s ample ) .  I n  t h i s  Y Y 
s i m p l e s t  c a s e ,  s i n c e  
and 
t h e  v a l u e  o f  X i s  p r o p o r t i o n a l  t o  k /k and t h e  v a l u e  of w 
2 S 2  i s  p r o p o r t i o n a l  t o  a  ( y ) ,  f o r  c o n s t a n t  a 0 ( 6 ) .  Hence t h e  
2 i n c r e a s e  of w cor re sponds  t o  t h e  i n c r e a s e s  of o  ( y ) ,  and then  
it r e s u l t s  i n  t h e  i n c r e a s e  of  n* s o  a s  t o  improve t h e  accuracy  
of  observed  va lue .  Th i s  i s  t h e  reason f o r  p r o p e r t y  ( a )  
mentioned above. However, i f  t h e  v a l u e  of  w i n c r e a s e s  t o o  f a r  
( W  2 1 f o r  n* - I ) ,  then  it becomes l e s s  v a l u a b l e  t o  obse rve  
samples ,  s i n c e  p r i o r  t o  o b s e r v a t i o n  we had t h e  t , a l u e  of uO(6 )  
which i s  l e s s  t h a n  u ( y ) .  I n  o t h e r  words,  F i g .  8 s u g g e s t s  t h a t  
t h e r e  i s  a  l i m i t  conce rn ing  t h e  accu racy  of sampling measure- 
ment which i s  a v a i l a b l e  f o r  o b s e r v a t i o n  of samples.  The l i m i t  
i s  w r i t t e n  by t h e  r e l a t i o n :  
N e v e r t h e l e s s  it i s  t o  be noti.ced t h a t  e v e r y  one of t h e  
c o n t o u r s  i s  r e p r e s e n t e d  a s y m p t o t i c a l l y  by a  s t r a i g h t  l i n e  i n  t h e  
t h e  X-to-w c h a r t  a s  t h e  v a l u e  of X i n c r e a s e s  and t h e  v a l u e  of 
w d e c r e a s e s .  Th i s  i m p l i e s  t h a t  i t  i s  p o s s i b l e  t o  e x p r e s s  t h e  
o p t i m a l  sample s i z e  f o r  a  domain of  X and w by a n  a s y m p t o t i c  
s o l u t i o n .  According t o  F i g .  8 t h e  a s y m p t o t i c  s o l u t i o n  i s  
approximated  by t h e  formula :  
The comparison between t h e  a s y m p t o t i c  s o l u t i o n  and t h e  numer i ca l  
s o l u t i o n  f o r  t h e  examples,  FFF, FRF and FEF i s  g i v e n  by Tab le  6 
and it shows t h a t  t h e  fo rmula ,  Eq. (751,  g i v e s  a lmos t  t h e  
e x a c t  s o l u t i o n ,  s i n c e  e a c h  o f  t h e  examples i s  s u b j e c t  t o  t h e  
3  
c o n d i t i o n  X/w 2 1 0  . Even f o r  lo2 < X/w < lo3 it f o l l o w s  from 
F i g .  8 t h a t  t h e  formula ,  Eq: ( 7 5 ) ,  o v e r s t a t e s  t h e  o p t i m a l  
sample s i z e ,  and t h e r e f o r e  ~t i s  u s e f u l  f o r  p r a c t i c a l  pu rposes ;  
t h e  d i f f e r e n c e  due t o  t h e  o v e r s t a t e m e n t  i s  l e s s  t h a n  25% o f  
t h e  e x a c t  o p t i m a l  sample s i z e .  
From Eqs. ( 7 0 ) ,  ( 71 )  and (75 )  we o b t a i n  t h e  r e l a t i o n s h i p :  
Fur thermore  assuming N+m and E ' = E and u s i n g  Eqs. (12 )  , 
Y (131 ,  (54 )  and ( 5 5 ) ,  Eq. 76 i s  reformed i n t o  
The s a f e t y  f a c t o r  IT i s  r e l a t e d  t o  t h e  d e t e c t i o n  l i m i t  
c o n c e r n i n g  t h e  MUF d u e  t o  d i v e r s i o n ,  a n d  t h e  l o w e r  v a l u e  o f  
IT r a i s e s  t h e  l i m i t .  T h e r e f o r e  Eq. ( 7 6 )  i m p l i e s  t h a t  i f  t h e  
d e t e c t i o n  l i m i t  rises, t h e n  t h e  c o r r e s p o n d i n g  sample  s i z e  
2 i n c r e a s e s .  With r e g a r d  t o  t h e  variances a 2  ( y )  and a  (A81 it 
i s  n a t u r a l  t h a t  
b e c a u s e  o f  t h e  d i f f e r e n c e  between t h e  q u a n t i t i e s  o f  t h e  
2 2 
s o u r c e  d a t a  a v a i l a b l e  f o r  a s s e s s i n q  a  ( y )  a n d  a  ( 8 ) .  Hence 
2 2 it i s  t o  b e  c o n s i d e r e d  t h a t  t h e  v a r i a n c e s  a  ( y )  and a  (118) 
i n  Eq. ( 7 6 )  s h o u l d  b e  improved by i n d i v i d u a l  f a c i l i t i e s .  
2 2 From t h i s  c o n s i d e r a t i o n  t h e  v a r i a n c e s  a  ( y )  and  a  (118) a r e  
r e l a t e d  t o  t h e  t e c h n i c a l  a n d  economic e f f o r t s  o f  i n d i v i d u a l  
f a c i l i t i e s .  Accord ing  t o  Eq. ( 7 6 )  t h e  e f f o r t  t o  improve t h e  
a c c u r a c y  a s s o c i a t e d  w i t h  random e r r o r  b r i n g s  a b o u t  t h e  
d e c r e a s e  o f  sample  s i z e  i n  p r o p o r t i o n  t o  ~ ( y ) .  On t h e  
c o n t r a r y  t h e  e f f o r t  t o  r e d u c e  t h e  a m b i g u i t y  a s s o c i a t e d  w i t h  
s y s t e m a t i c  e r r o r  g i v e s  r i se  t o  t h e  i n c r e a s e  of  sample  s i z e .  
T h i s  i s  d u e  t o  t h e  f a c t  t h a t  t h e  r e d u c t i o n  o f  a ( A 8 )  p r o m o t e s  
t h e  e x p e c t e d  v a l u e  o f  o b s e r v e d  i n f o r m a t i o n .  
C o n s e q u e n t l y  Eq. ( 7 6 )  s h o u l d  be r e g a r d e d  a s  t h e  e q u a t i o n  
r e p r e s e n t i n g  t h e  r e l a t i o n s h i p  be tween  t h e  l i m i t s  c o n c e r n i n g  
t h e  i n s p e c t i o n  p l a n  ment ioned  e a r l i e r  and  t h e  c o r r e s p o n d i n g  
o p t i m a l  s a m p l e  s i z e .  E q u a t i o n  ( 7 6 )  h a s  b e e n  d e r i v e d  w i t h o u t  
r e g a r d  t o  t h e  c o n s t r a i n t s ,  ~ q s .  ( 6 5 )  a n d  ( 6 6 ) .  I n  a p p l y i n g  
E y .  ( 7 6 )  f o r  a  p r a c t i c a l  p rob lem,  t h e  l i m i t s  c o n c e r n i n g  t h e  
i n s p e c t i o n  p l a n  s h o u l d  b e  s e l e c t e d  s o  t h a t  t h e  o p t i m a l  
s o l u t i o n  o b t a i n e d  from Eq. ( 7 6 )  may e x i s t  w i t h i n  t h e  f e a s i b l e  
domain g i v e n  by t h e  c o n s t r a i n t s ,  Eqs.  ( 6 5 )  a n d  ( 6 6 ) .  
I V .  C o n c l u d i n g  Remarks 
So a s  t o  d e t e r m i n e  t h e  o p t i m a l  sample  s i z e  f o r  n u c l e a r  
m a t e r i a l s  s a f e g u a r d s  i n s p e c t i o n  and  t o  show t h e  e x p l i c i t  
e x p r e s s i o n  o f  t h e  r e l a t i o n s h i p  be tween  t h e  o p t i m a l  sample  
s i z e  and t h e  p a r a m e t e r s  which r e p r e s e n t  t h e  l i m i t s  c o n c e r n i n g  t h e  
i n s p e c t i o n  p l a n ,  t h e  p rob lem of  o p t i m i z i n g  t h e  o b s e r v a t i o n  
p l a n  was f o r m u l a t e d  by d e s c r i b i n g  t h e  h y p o t h e t i c a l i t y  
a s s o c i a t e d  w i t h  t h e  s a f e g u a r d s  problem a s  an  i n c e n t i v e - t a x  
sys tem.  B a y e s i a n  d e c i s i o n  t h e o r y  was a p p l i e d  t o  s o l v e  t h e  
p rob lem:  it was found  t h a t  t h e  f o r m u l a t e d  model g i v e s  t h e  
o p t i m a l  sample  s i z e ,  which i s  o f  p r a c t i c a l  u s e ,  and t h a t  t h e  
a s y m p t o t i c  s o l u t i o n  d e r i v e d  f rom t h e  model i s  a p p l i c a b l e  f o r  
t h e  s a k e  o f  u n d e r s t a n d i n g  t h e  r e l a t i o n s h i p  between t h e  o p t i m a l  
sample  s i z e  and t h e  l i m i t s  c o n c e r n i n g  t h e  i n s p e c t i o n  p l a n .  
I t  i s  p r e s c r i b e d  i n  t h e  model t h a t  t h e  p u r p o s e  of t h e  
i n s p e c t i o n  p l a n  i s  t o  c o l l e c t  t h e  o b s e r v e d  i n f o r m a t i o n  which 
i s  r e q u i r e d  f o r  making t h e  d e c i s i o n  on t h e  t w o - a c t i o n  p rob lem,  
w h e t h e r  t h e  o p e r a t o r ' s  d a t a  s h o u l d  be a c c e p t e d  o r  r e j e c t e d ,  
w h i l e  e v a l u a t i n g  t h e  c o s t s  f o r  a c t s  o f  a c c e p t a n c e  and 
r e j e c t i o n  i n  a n  i n c e n t i v e - t a x  s y s t e m .  
Some u n c e r t a i n t i e s  a r e  i n e v i t a b l y  i n v o l v e d  i n  t h e  d e c i s i o n  
making b e c a u s e  o f  t h e  s t a t i s t i c a l  b e h a v i o r  o f  t h e  v a r i a b l e  6  
i n  q u e s t i o n ,  and t h e r e f o r e  t h e  e f f e c t i v e n e s s  o f  t h e  o b s e r v e d  
i n f o r m a t i o n  i s  d e f i n e d  by t h e  e x p e c t e d  v a l u e  of o b s e r v e d  
i n f o r m a t i o n  which is  e x p r e s s e d  by t h e  d i f f e r e n c e  o f  t h e  c o s t s  
o f  u n c e r t a i n t y  p r i o r  t o  t h e  o b s e r v a t i o n  and p o s t e r i o r  t o  t h e  
o b s e r v a t i o n .  Thus by s u b t r a c t i n g  t h e  c o s t  f o r  o b s e r v i n g  
s a m p l e s  from t h e  e x p e c t e d  v a l u e  of o b s e r v e d  i n f o r m a t i o n ,  t h e  
n e t  g a i n  of o b s e r v a t i o n  i s  d e f i n e d  and t h e  o p t i m a l  sample  
s i z e  i s  o b t a i n e d  by maximizing t h e  n e t  g a i n  o f  o b s e r v a t i o n .  
I n  c o n c l u s i o n ,  t h e  c a l c u l a t i o n  r e s u l t s  based  on t h e  
f o r m u l a t i o n  s u g g e s t  t o  u s  t h a t  ( a )  w h i l e  t h e  o p t i m a l  sample  
s i z e  d e p e n d s  on t h e  b reak-even  v a l u e  A B E ,  which c o r r e s p o n d s  
t o  a  s o r t  o f  t h e  d e t e c t i o n  l i m i t  o f  M U F  due t o  d i v e r s i o n ,  
and on t h e  v a r i a n c e s  o f  random e r r o r  and s y s t e m a t i c  e r r o r ,  
2 
a 2  (y) and a ( A @ )  , which a r e  r e l a t e d  t o  t h e  t e c h n i c a l  and 
economic e f f o r t  of i n d i v i d u a l  f a c i l i t i e s ,  i t  is  p o s s i b l e  t o  
s e l e c t  t h e s e  p a r a m e t e r s  by t a k i n g  t h e  f e a s i b i l i t y  o f  t h e  
c o r r e s p o n d i n g  o p t i m a l  sample  s i z e  i n t o  c o n s i d e r a t i o n ,  and 
( b )  t h e  a m b i g u i t y  a s s o c i a t e d  w i t h  s y s t e m a t i c  e r r o r  is  n o t  
r e d u c e d  by t a k i n g  s a m p l e s  from measured d a t a ,  b u t  r a t h e r  
s y s t e m a t i c  e r r o r  r e d u c e s  t h e  e x p e c t e d  v a l u e  of o b s e r v e d  
i n f o r m a t i o n ,  and t h e r e f o r e  i t  is  of g r e a t  i m p o r t a n c e  t o  
r e s e a r c h  and d e v e l o p  t h e  method t o  e v a l u a t e  s y s t e m a t i c  e r r o r .  
TOTAL INPUT FLOW AT t =  t i  : A ( t i ) =  g a t (  t i  ) 
k = l  
INPUT F L O W  
TOTAL OUTPUTFLOWAT t = t i  : B (  t i ) =  z b k (  t i )  
k = l  
THE DIFFERENCE AT t = t i  : z i  = A ( t i ) - B ( t i )  
M B A  
3 
BEGINNING INVENTORY( t = O ) :  z w j  ( 0  ) 
j = I  
O U T P U T  F L O W  
J 
ENDING INVENTORY ( t = T ) :  C w , ( T )  
j = 1  
F ~ g u r e  1: A scheme of m a t e r i a l  ba l ance  a r e a .  
ROUTINE INSPECTION 
0 B S E R V A T I O N  
OF n SAMPLES FROM N DATA 
E S T I M A T I O N  O F  E(d) 
ACT 
OF 
ACCEPTANCE 
REJECTION (5 
AD HOC I N S P E C T I O N  01 SOME FURTHER ACTION 1 
YES ($-) 
PAYMENT 
I N C E N T I V E  
F i g u r e  2 :  I n s p e c t i o n  p r o c e d u r e  b a s e d  on  t h e  t w o - a c t i o n  
p rob lem i n  a n  i n c e n t i v e - t a x  sys tem.  
STRAIGHT L l N E  : C A ( 6 )  
STRAIGHT L l N E  WQ : C,(6 
B E N T  L I N E  VQ : C , ( f )  
F l q u r e  3: Costs of acts, CA(6) and CR(6) and cost of 
optimal act for q i v e n  A ,  C, (6) . 
U 
F i g u r e  4 :  Unit  Normal Loss I n t e g r a l  G(u). 

d 
a, (I] 
3 > 
LI 
c 
(I, 
R : A.S.of  FRF 
F i g u r e  8 :  C o n t o u r  o f  o p t l m a l  s a n ~ p l e  s i z e ,  
N . S . :  N u r n e r l c a l  s o l u t i o n  n* 
A . S . :  Asymptotic s o l u t i o n  n* (a! 
( a !  : t h e  d o m a i n  w h e r e  an*/a.o , 0 
( b )  : the domain  w h e r e  On*/;\t,~ 0. 
Table  1: Relevant d a t a  on t h e  s p e c i f i c a t i o n s  and t h e  i n s p e c t i o n  parameters  
of  t h e  r e f e r e n c e  f a c i l i t i e s .  
A) S p e c i f i c a t i o n s :  I 
Capaci ty /year  
No. o f  Campaigns 
Campaign i n t e r v a l  
T o t a l  pieces/Camp. N 
Popu la t ion  mean LJ 
E. o f  r.  e r r o r  E ( Y )  
S.D. o f  r.  e r r o r  d y )  
E. o f s .  e r r o r  E(A0) 
S.D. o f  s .  e r r o r  d A 0 )  
Fuel  Enrichg. 
F a c i l i t y  
(FEF) 
Uranium-Fuel 
Fabr.  F a c i l i t y  
( FFF ) 
100 t o n s  o f  U02 
5/year  
60 days 
4165 f u e l  p i n s  ' 
4482.9 g  o f  2.5w/0 EU 
o g  'I 
17 .8  g  " 
O g  " 
o g  " 
Fue l  Reprocess.  
F a c i l i t y  
(FRF) 
B )  Inspec t ion  Parameters:  
Threshold ~ m o u n t / ~ e a r  
~ ~ ( 0 )  i n  Eq. (12 )  
CT(6TA) i n  ~ q .  ( 1 2 )  
K~ 
i n  Eq. ( 6 3 )  
k~ i n  Eq. (63 )  
6TA, T.A. /p i ece  
TI from Eq. ( 1 3 )  
6~~ from Eq. (13 )  
k~ from Eq. (12 )  
200 t o n s  o f  U 
5  /yea r  
60 days 
100 f u e l  assm.s 
3000 g  o f  Pu 
0  g  I' 
30 g  I' 
30 g  " 
4 2 g  " 
1 9 7 2  t n s  .UF6 
l / y e a r  
3 0 0  d a y s  
9 8 6  bombs 
2 tns .o f  uF6(4%) 
0  kg " 
4.0 kg " 
0  kg 'I 
3.6 kg " 
Table 2: Ca lcu la t ion  r e s u l t s  f o r  t h e  f i e 1  f a b r i c a t i o n  f a c i l i t y .  
P r i o r  D i s t r i bu t ion  P ( 6 )  0 
~ ~ ( 6 )  g 0 f 2 . 5 ~ / ~ E U  
% ( 6 )  g 0 f 2 . 5 ~ / ~ E U  
(uO0 + m; No = 1 0 )  
Optimal Act under Po( 6 )  
Optimal Sample S i ze  I 
n " from Eqs.(64-66) 
N O I l  from Eq. (59 )  
Cs from Eq. ( 6 3 )  
NGOl f r o m E q . ( 6 2 )  
In spec t ion  Resu l t s  
- 
Ax g of 2. 5w/0 EU 
A< - E ( A ~  ) of 2. 5 W / O ~ ~  
a ( ~ )  from ~ q .  (22)  
o(V)  from ~ q .  ( 2 1 )  
U(A;) from Eq. (33 )  
P o s t e r i o r  D i s t r i b u t i o n  P ( 1 
I 0  from Eq. ( 4 1 )  
I - Ax from Eq. ( 4 2 )  
I1 from Eq. ( 4 0 )  
v1(6) from Eq. (40 )  
E l (&)  f r o m E q . ( 3 9 )  
Optimal Act under P , ( 6 )  
FFF 2 FFF 3 
20.0 
-
5.63 
Accept 
9.04 103  
20 5 
8.68 x 10' 
8.20 x lo2  
7.46 x 10) 
24 . O  
24.0 
20.0 
1.36 
1 .36 
0.032 
0.540 
0.572 
1.32 
23.7 
Accept 
1.89 x l o 3  
25.0 
5.63 
E i the r  
3.58 x lo4  
20 5 
3.51 x lo4  
8.20 x 10' 
3.43 104 
24.0 
24.0 
20.0 
1.36 
1.36 
0.032 
0.540 
0.572 
1.32 
24.1 
Accept 
2.77 x 10' 
FFF 4 
30.0 
-
5.63 
Rejec t  
9.04 1 0 )  
205 
8.68 x l o 3  
8.20 x 10' 
7.46 x 10' 
24 .O 
24 .O 
20.0 
1 .36 
1.36 
0.032 
0.540 
0.572 
1 .32 
24.3 
Accept 
3.93 10 )  
a )  ~ T P I I  = % c 5 ( 6 ) ~ ( ~ O )  
Po 
b )  EVPI 1 = k R o l ( 6 ) ~ ( ~ 1 )  , 
where, where P1 
D 0 = 1 sBE - E0(6)1/  u0(6) Dl = - E 1 ( 6 ) ! / p ( 6 )  
Table 3: Calculat ion  result,^ f o r  t he  f u e l  reprocessing f a c i l i t y .  
1) Pr io r  Dis t r ibut ion ,  P,(6) 
" 
Eo(6) g of Pu 
~ ~ ( 6 )  g of Pu 
( uoO=-ao, n =O 0 
Optimal Act under pO( 6 )  
12) O p t i n d  Sample S i r e  
I from E ~ S .  (64-66) 
~ ' ~ ' 0 1 ~  from Eq. (59)  
Cs from ~ q .  (63)  
NGol from ~ q .  (62) 
3 )  Inspection Results  
I g of Pu 
A; - E ( A ~ )  g of PU 
u(y) from ~ q .  (22) 
a(?)  from ~ q .  (21)  
~ ( A G )  from Eq. (33)  
Pos ter ior  Dis t r ibut ion ,  ~ ~ ( 6 )  
I 0  from Eq. (41) 
I - Ax from Eq. (42)  
I1 from Eq. (40) 
a1(6) Trom ~ q .  (40) I 
I ~ ~ ( 6 )  from ~ q .  (39) 
I I 
I Optimal Act under P ( 6 )  1 
FRF 1 
0 
- 
100 
Accept 
1 . 8 0 ~ 1 0  6 
42 
1 . 6 4 ~ 1 0  6 
1. 68x103 
1 . 6 4 ~ 1 0  6 
37.0 
7.0 
35.0 
4.15 
42.2 
1. O O ~ ~ O - ~  
5 . 6 4 ~ 1 0 ~ ~  
6.64x10-~ 
38.8 
5.95 
Accept 
7.24x105 
FRF 2 
6.0 
-
100 
Accept 
1 . 9 4 ~ 1 0  6 
4 2 
1.79fio 6 
1. 68x103 
1 . 7 9 ~ 1 0  6 
37.0 
7.0 
35.0 
4.15 
42.2 
1.oox10-4 
5 . 6 4 ~ 1 0 - ~  
6 . 6 4 ~ 1 0 - ~  
38.8 
6.85 
Accept 
7 . 4 5 ~ 1 0  5 
8.0 
-
100 
Either  
1 . 9 9 ~ 1 0  6 
42 
1 . 8 4 ~ 1 0  6 
1. 68x103 
1 . 8 4 ~ 1 0  6 
37.0 
7 
35.0 
4.15 
42.2 
1. o O ~ ~ O - ~  
5 . 6 4 ~ 1 0 - ~  
6 . 6 4 ~ 1 0 - ~  
38.8 
7.15 
Accept 
7 . 5 3 ~ 1 0 ~  
10.0 
100 
Reject 
1 . 9 4 ~ 1 0  6 
42 
1 . 7 9 ~ 1 0  6 
1 . 6 8 ~ 1 0 ~  
1 . 7 9 ~ 1 0  6 
37.0 
7.0 
35 -0 
4.15 
42.2 
1. O O ~ ~ O - ~  
5 . 6 4 ~ 1 0 - ~  
6 . 6 4 ~ 1 0 - ~  
38.8 
7.45 
Accept 
7.60x105 
Table 4: Calculation r e s u l t s  f o r  t he  fue l  enrichment f a c i l i t y .  
1 )  P r i o r  Dis t r ibu t ion  Po(&)  
V 
E0(6) g of UF6 (4%)  
% ( 6 )  g of UP6 (4%)  
( Oo= %, no=O) 
Optimal Act under pO( 6 )  
EVPI ( 
Po 
2)  Optimal Sample Size 
n* from Eqs . ( 64-66 ) 
EVOIl from Eq. (59)  
Cs from Eq. (63)  
NGol from Eq. (62)  
3 )  Inspect ion Results  
hx g of Up6 (4%)  
A; - E(AB)  g of U F ~  ( 4%)  
U(Y) from Eq. (22) 
o(7) from Eq. (21)  
o(&) from Eq. (33)  
4)  Pos te r ior  Dis t r ibu t ion ,  p 1 N  
I 0  from Eq. (41)  
I - from Eq. (42)  Ax 
I1 from Eq. (40)  
~ ~ ( 6 )  from Eq. (40)  
El(&) from Eq. (39)  
Optimal Act under P1 ( 6 )  
EVPI I 
P1 
FEF 1 
0  
5000 
Accept 
1 . 5 1 ~ 1 0  
85 
1 . 1 9 ~ 1 0  
3. 40x10~ 
1 . 1 8 f i O  
4  50 
450 
4000 
41 5  
3624 
4 . 0 x l o - ~  
7 . 6 ~ 1 0 - ~  
1 1 . 6 ~ 1 0 - ~  
2936 
295 
Accept 
9 . 2 ~ ~ 1 0 ~  
FEF 2  
4  38 
5000 
Accept 
l.69x1o6 
85 
1 . 3 6 ~ 1 0 ~  
3. 40x10~  
1 . 3 6 ~ 0 ~  
450 
450 
4000 
415 
3624 
4 .0x l0 -~  
7 . 6 ~ 1 0  -8 
1 1 . 6 ~ 1 0 - ~  
2936 
442 
Accept 
9. 8aX1o5 
FEF 3  
469 
5000 
Ei ther  
1.7ox1o6 
8 5  
1 . 3 ~ ~ 1 0 ~  
3. 40x10~  
1 . 3 7 ~ 1 0 ~  
450 
450 
4000 
415 
3624 
4. O X ~ O - ~  
7.6x1.0-' 
1 1 . 6 ~ 1 0 - ~  
2936 
457 
Accept 
9. 9bX1o5 
FEF 4  
500 
5000 
Reject 
1 . 6 9 ~ 1 0  6
8 5  
1 . 3 6 ~ 1 0  6  
3. 40x10~  
1 . 3 6 ~ 1 ~  6  
450 
450 
4000 
415 
3624 
4. O X ~ O - ~  
7.6x10-~  
1 1 . 6 ~ 1 0 - ~  
2.936 
467 
Accept 
9 . 9 9 ~ 1 0  5
T a b l e  5:  Comparison of  t h e  c o s t  o f  u n c e r t a i n t y  f o r  v a r i o u s  
sample  s i z e .  
( ) :  t h e  r a t i o  t o  t h e  c o s t  of  u n c e r t a i n t y  u n d e r  P o ( & )  
r 
F u e l  F a b r i c a t  i o n  
F a c i l i t y  (FFF 3 )  
n S = 2 0 5 ,  Nz4165 
F u e l  ~ e p r o c e s s i n g  
F a c i l i t y  (FRF 3 )  
n*=42 ,  N=100 
F u e l  Enr ichment  
F a c i l i t y  (FEF 3) 
n*=85 ,  N.986 
Under P r i o r  
D i s t r i b u t i o n  
P 0 ( 6 )  
4  $ 3 . 5 8 ~ 1 0  
6  $ 1 . 9 9 ~ 1 0  
6  $1.7OxiO 
Under P o s t e r i o r  D i s t r i b u t i o n ,  
Pl ( 6 )  
n =  1 
$3.  3aX1o4  
( 9 4 . 3 % )  
$ 9 . 3 8 ~ 1 0 ~  
( 4 7 . 1 % )  
$ 1 . 2 4 ~ 1 0 ~  
( 7 3 . 1 % )  
n = n t  
$ 2 . 7 ~ ~ 1 0 3  
( 7 . 7 % )  
$ 7 . 5 3 ~ 1 0 ~  
( 3 7 . 8 % )  
$ 9 . 9 4 ~ 1 0 ~  
( 5 8 . 4 % )  
n=N 
$ o 
( 0 % )  
$ 7 . 5 1 ~ 1 0 ~  
( 3 7 . 7 % )  
$ 9 . 8 9 ~ 1 0 ~  
( 5 8 . 2 % )  
T a b l e  6 :  Compar ison be tween  a s y m p t o t i c  s o l u t i o n s  and  n u m e r i c a l  
s o l u t i o n s .  
P o p u l a t i o n  S i z e  N 
S.D. o f  o r i g i n a l  d i s t r i b u t i o n  uo0(6)  
P i l o t  Sample  S i z e  
"0 
E f rom E q .  ( 5 4 )  
Y 
E ~ e  f rom E q .  ( 5 5 )  
E '  f r o m  Eq.  ( 5 6 )  Y 
A f r o m  Eq.  ( 7 0 )  
w f r o m  E q .  ( 7 1 )  
A s y m p t o t i c  S o l u t i o n  n* ( a )  
N u m e r i c a l  S o l u t i o n  n * 
F F F  
4 ,165  
OD 
1 0  
0  
o 
1 0  
2 . 2 5 ~ 1 0 ~  
1 . 0 0 ~ 1 0 ~  
- 212 
205 
FRF 
100 
1 0 0  
0  
0  .og 
0 .18  
0 . 0 9  
1 . 1 5 ~ 1 0 ~  
7 . 7 3 x 1 0 - ~  
- 4  2  
- 4  2  
FEF 
986 
5 , 0 0 0  
0  
0 . 6 4  
0 . 5 2  
0 . 6 4  
8 . 6 5 ~ 1 0  4 
4 . 2 2 ~ 1 0 ~ ~  
8 5 
-
- 8 5  
R e f e r e n c e s  
A v e n h a u s ,  R., " A p p l i c a t i o n  o f  T h e o r y  o f  Games t o  
S a f e g u a r d s  P r o b l e m s , "  P r o c e e d i n g s  o f  t h e  Symposium 
o n  I m p l e m e n t i n g  N u c l e a r  S a f e g u a r d s  ( O c t .  197 1) . 
Bouchey ,  G . D . ,  Koen, B.V.,  a n d  B e i g h t l e r ,  C.S. ,  
" O p t i m i z a t i o n  o f  N u c l e a r  M a t e r i a l s  S a f e g u a r d s  
S a m p l i n g  S y s t e m s  b y  Dynamic P rogramming , "  
N u c l .  T e c h . ,  12, 1 ( S e p t .  1 9 7 1 ) ,  18-25.  
--
Brown, F.  e t  a l . ,  " P r o q r e s s  i n  t h e  Deve lopmen t  o f  a 
S y s t e m  f o r  t h e  S a f e g u a r d s  I n s p e c t i o n  o f  t h e  F u e l  
S t o r e  o f  a  Ze ro -Energy  F a s t  R e a c t o r , "  UKAEA Rep. 
COS 2 0  ( O c t .  1 9 7 0 ) .  
C o n s t a n z i ,  F.  e t  a l .  , " 0 p t i m i . z a t i o n  o f  I n s p e c t i o n s ,  
KSU/DS-25 F i n a l  R e p o r t ,  P o l i t i c a l  a n d  S c i e n t i f i c  
E f f e c t i v e n e s s  i n  N u c l e a r  M a t e r i a l s  C o n t r o l , "  
K a n s a s  S t a t e  U n i v e r s i t y ,  U. S.A. ( J u n e  1 9 7 2 )  . 
G m e l i n ,  W . ,  "An A p p r o x i m a t i o n  f o r  t h e  D e t e r m i n a t i o n  
o f  t h e  Sample  S i z e  f o r  P a i r e d  C o m p a r i s o n s , "  
IAEA/STR/36. 
H a e f e l e ,  W . ,  " H y p o t h e t i c a l i t y  a n d  t h e  New C h a l l e n g e s ,  
t h e  P a t h f i n d e r  R o l e  o f  N u c l e a r  E n e r g y , "  M i n e r v a ,  
10 ( J u l y  1 9 7 4 )  , 303-322.  
-
H a e f e l e ,  W . ,  " S y s t e m s  A n a l y s i s  i n  S a f e g u a r d s  o f  N u c l e a r  
M a t e r i a l , "  P r o c e e d i n g s  o f  t h e  F o u r t h  I n t e r n a t i o n a l  
C o n f e r e n c e  o n  P e a c e f u l  U s e s  o f  A t o m i c  E n e r g y ,  
V o l .  9  ( S e p t .  1 9 7 1 ) ,  303-322.  
I n t e r n a t i o n a l  A t o m i c  E n e r g y  Agency,  " S a f e g u a r d s  
T e c h n i c a l  Working Group  on A c c u r a c y  o f  N u c l e a r  
M a t e r i a l  A c c o u n t a n c y  a n d  T e c h n i c a l  E f f e c t i v e n e s s  
o f  S a f e g u a r d s , "  IAEA PL-488 (Aug. 1 9 7 2 ) ,  4.1-4.13.  
J a e c h ,  J . ,  " I n v e n t o r y  V e r i f i c a t i o n  B a s e d  o n  Measured  
D a t a , "  J e r s e y  N u c l e a r  Co . ,  U.S.A. ( A p r i l  1 9 7 2 ) .  
N a k a j i m a ,  K . ,  Koizumi ,  T . ,  Suyama, N . ,  a n d  K i s h i m o t o ,  Y . ,  
" A n a l y s i s  o f  A c c o u n t a b i l i t y  S y s t e m  i n  a  
R e p r o c e s s i n g  P l a n t , "  IAEA/SM-133/12 ( J u l y  1 9 7 0 )  . 
Oak R i d g e  O p e r a t i o n  O f f i c e ,  U n i t e d  S t a t e s  A tomic  
E n e r g y  Commiss ion ,  " D a t a  on  New G a s e o n s  
D i f f u s i o n  P l a n t s , "  ORO-685 ( A p r i l  1 9 7 2 ) .  
1121 O t t o ,  R . ,  Wenk, E . ,  K r a s k a ,  E . ,  Avenhaus,  R . ,  a n d  
Gupta  , D .  , "Assessment  o f  MUF and I n s p e c t i o n  
E f f o r t s  i n  a  C e n t r i f u g e  P l a n t , "  p a p e r  t o  b e  
p r e s e n t e d  a t  t h e  IAEA Working Group Mee t ing  on 
S a f e g u a r d s  P r o c e d u r e s  f o r  I s o t o p i c  Enr ichment  
F a c i l i t i e s  ( J u n e  1 9 7 2 ) .  
[l3] R a i f  f a ,  H .  D e c i s i o n  A n a l y s i s :  I n t r o d u c t o r y  L e c t u r e s  
-- 
on c h o i c e s  u n d e r  U n c e r t a i n t y ,  Fteading, Yass .  
A E s o n - ~ e s l e y ,  1968. 
[14] S c h l a i f e r ,  R . ,  P r o b a b i l i t y  and S t a t i s t i c s  f o r  
B u s i n e s s  D e c i s i o n s ,  Kogakusha, Tokyo, PlcGraw-Hill 
Co.,  1959.  
[15] S e r v a i s ,  F . ,  and  G o l d s c h m i d t ,  P . ,  " S a f e g u a r d s  
Inspec t ion- -An A n a l y s i s  o f  D e t e c t i o n  Methods 
and  D i v e r s i o n  S t r a t e g i e s , "  Nucl .  Tech . ,  12, 3  
(Nov. 19711 ,  290-297. 
[16] S t e w a r t ,  K . ,  "A C o s t  E f f e c t i v e n e s s  Approach t o  
I n v e n t o r y  V e r i f i c a t i o n , "  IAEA/SM-133/59 
( J u l y  1970)  . 
